In calculating an expected market risk premium by averaging historical data, projecting
historical data using growth models, or even conducting a survey, one must determine a
proxy for the “market”. Common proxies for the US market include the S&P 500, the
NYSE index, and the NYSE, AMEX, and NASDAQ index.? For the purpose of this
paper, we use the S&P 500 and its antecedents as the market. However, in the various
research surveyed, many different market proxies are assumed. We have already
discussed using international versus domestic data when describing different MRP
types. With mtematlonal data, different proxies for other country, region, or world
markets are used.®® For domestic data, different proxies have been used over time as
stock market exchanges have expanded.24 Fortunately, as shown in the Ibbotson
Valuation yearbook, the issue of a US market proxy does not have a large effect on the
MRP estimate because the various indices are highly correlated. For example, the S&P
500 and the NYSE have a correlation of 0.95, the S&P 500 and NYSE/AMEX/NASDAQ
0.97, and the NYSE and NYSE/AMEX/NASDAQ 0.90.% Therefore, the market proxy
selected is one reason for slight differences in the estimates of the market risk premium.

As afinal note, stock returns and risk-free rates can be stated in nominal or real terms.
Nominal includes inflation; real removes inflation. The equity risk premium should not
be affected by inflation because either the stock return and risk-free rate both include
the effects of inflation (both stated in nominal terms) or neither have inflation (both
stated in real terms). If both returns are nominal, the difference in the returns is
generally assumed to remove inflation. Otherwise, both terms are real, so inflation is
removed prior to finding the equity risk premium. While numerical differences in the real
and nominal approaches may exist, their magnitudes are expected to be small.

Equity Risk Premia 1926-2002

As an example of the importance of knowing the types of equity risk premium estimates
under consideration, Table 5 displays ERP returns that each use the same historical
data, but are based on arithmetic or geometric returns and the type of horizon The

ERP estimates are quite different.?

2 2003 Ibbotson Valuation Yearbook, p92.

For example, Dimson (2002) and Claus and Thomas (2001) use international market data.

* For a data series that is a mixture of the NYSE exchange, NYSE, AMEX, and NASDAQ stock
exchange and the Wilshire 5000, see Dimson (2002), p3086.

2003 Ibbotson Valuation Yearbook, p93; using data from October 1997 to September 2002.

* The nominal and real ERPs are identical in Table 5 because the ERPs are calculated as arithmetic
differences, and the same value of inflation will reduce the market return and the risk-free return equally.
Geometric differences would produce minimally different estimates for the same types.



ERP using same historical data {1926-2002)
RFR Description ERP Description ERP Historical Return
Short nominal Arithmetic Short-horizon 8.4%
Short nominal Geometric Short-horizon 6.4%
Short real Arithmetic Short-horizon 8.4%
Short real Geometric Short-horizon 6.4%
Intermediate nominal Arithmetic Inter-horizon 7.4%
Intermediate nominal Geometric Inter-horizon 5.4%
Intermediate real Arithmetic Inter-horizon 7.4%
Intermediate real Geometric Inter-horizon 5.4%
Long nominal Arithmetic Long-horizon 7.0%
Long nominal Geometric Long-horizon 5.0%
Long real Arithmetic Long-horizon 7.0%
Long real Geometric Long-horizon 5.0%

Table 5

Historical Methods

The historical methodology uses averages of past returns to forecast future returns.
Different time periods may be selected, but the two most common periods arise from
data provided by either Ibbotson or Siegel. The Ibbotson series begins in 1926 and is
updated each year. The Siegel series begins in 1802 with the most recent compilation
using returns through 2001. Appendix A provides equity risk premium estimates using
Ibbotson data for the 1926-2002 period that we use in this paper for most illustrations.
We begin with a lock at the ERP history through atime series analysis of the Ibbotson
data.

Time Series Analysis

Much of the analysis addressing the equity risk premium puzzle relies on the annual
time series of market, risk-free and risk premium returns. Two opposite views can be
taken of these data. One view would have the 1926-2002 Ibbotson data, or the 1802-
2001 Siegel data, represent one data point; i.e., we have observed one path for the
ERP through time from the many possible 77 or 200 year paths. This view rests upon
the existence or assumption of a stochastic process with (possibly) inter-temporal
correlations. While mathematically sophisticated, this model is particularly unhelpful
without some testable hint at the details of the generating stochastic process. The
practical view is that the observed returns are random samples from annual distributions
that are iid, independent and identically distributed about the mean. The obvious
advantage is that we have at hand 77 or 200 observations on the iid process to analyze.
We adopt the latter view.

Some analyses adopt the assumption of stationarity of ERP, i.e., the true mean does
not change with time. Figure 1 displays the Ibbotson ERP data and highlights two
subperiods, 1926-1959 and 1960-2002.%" While the mean ERP for the two subperiods
appear quite different (11.82% vs. 5.27%), the large variance of the process (std dev
20.24%) should make them indistinguishable statistically speaking.

%" The ERP shown here are the geometric differences (calculated) rather than the simple arithmetic
differences in Table 1; i.e. ERP = [(1+r, )/(1+ )] — 1. The test results are qualitatively the same for the
arithmetic differences.
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Figure 1
T-Tests

The standard T- test can be used for the null hypothesis H, : mean 1960-2002 = 8.17%,
the 77 year mean.?® The outcome of the test is shown in Table 6; the null hypothesis
cannot be rejected.

T-Test Under the Null Hypothesis that
ERP {1960-2002) = ERP (1926-2002) = 8.17%
Sample mean 1960-2002 2.27%
Sample s.d. 1960-2002 15.83%
T value (DF=42) -1.20
PR > |T| 0.2374
Confidence Interval 93% (0.0040, 0.1014)
Confidence Interval 90% (0.0121, 0.0933)
Table 6

Another T-Test can be used to test whether the subperiod means are different in the
presence of unequal variances. ® The result is S|m|Iar to Table & and the difference of
subperiod means equal to zero cannot be rejected

Standard statistical procedures in SAS 8.1 have been used for all tests.
Equallty of variances is rejected at the one percent level by an F test (F=2.39, DF=33,42)
% t-value 1. 35, PR> |T| = 0.1850 with the Cochran method.
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Time Trends
The suppaosition of stationarity of the ERP series can be supported by ANOVA
regressions. The results of regressing the ERP series on time is shown in Table 7.

ERP ANOVA Regressions on Time
Period Time Coefficient P-Value
1926-1959 0.004 0.355
1960-2002 0.001 0.749
1926-2002 -0.001 0.443
Table 7

There are no significant time trends in the Ibbotson ERP data. ™

ARIMA Model

Time series analysis using the well established Box-Jenkins approach can be used to
predict future series values through the lag correlation structure.® The SAS ARIMA
procedure applied to the full 77 time series data shows:

(1) No significant autocorrelation lags.
(2)  Anidentification of the series as white noise.
(3) ARIMA projectionof year 78+ ERP is 8.17%, the 77 year average.

All of the above single time series tests peint to the reasonability of the stationarity
assumption for (at least) the Ibbotson ERP 77 year series.>

Social Security Administration

In the current debate on whether to allow private accounts that may invest in equities,
the Office of the Chief Actuary of the Social Security Administration has selected certain
assumptions to assess various proposals {Goss, 2001). The relevant selection is to use
7 percent as the real (geometric) annual rate of return for equities.®* This assumption is
based on the historical return of the 20" century. SSA received further support that
showed the historical return for the last 200 years is consistent with this estimate, along
with the Ibbotson series beginning in 1926. For SSA, the calculation of the equity risk
premium uses a long-run real yield on Treasury bonds as the risk-free rate. From the
assumptions in the 1995 Trustees Report, the long-run real yield on Treasury bonds
that the Advisory Council proposals use is 2.3%. Using a future Treasury securities real
yield of 2.3% produces a geometric equity risk premium of 4.7% over long-term
Treasury securities. More recently, the Treasury securities assumption has increased
to 3%, yielding a 4% geometric ERP over long-term Treasury securities.

*! The result is confimned by a separate Chow test on the two subperiods.

*2 See Harvey (1990), p30.

* The same tests applied to the Wilson and Jones 1871-2002 data series show similar results: Neither
the 1871-1925 period nor the 1926-2002 period is different from the overall 1871-2002 period. The
overall period and subperiods also show no trends over time.

4 Compare Table 3, subperiod ll.

5 1999 Social Security Trustees Report.
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At the request of the Office of the Chief Actuary of the Social Security Administration
(OCACT), John Campbell, Peter Diamond, and John Shoven were engaged to give
their expert opinions on the assumptions Social Security mode. Each economist begins
with the Social Security assumptions and then explains any difference he feels would be
more appropriate.

In John Campbell’'s response, he considers valuation ratios as a comparison to the
returns from the historical approach (Campbell 2001). The current valuation ratios are
at unusual levels, with a low dividend-price ratio and high price-earnings ratio. He
reasons that the prices are what have dramatically changed these ratios. Campbell
presents two views as to the effect of valuation ratios in their current state. One view is
that valuations will remain at the current level, suggesting much lower expected returns.
The second view is a correction to the ratios, resulting in less favorable returns until the
ratios readjust He decides to give some weight to both possibilities, 50 he lowers the
geometric equity return estimate to 5-5.5% from 7%. For the risk-free rate, he uses the
yield on the long-term inflation-indexed bonds*® of 3.5% or the OCACT assumption of
3%. Therefore, his geometric equity premium estimate is around 1.5 t0 2.5%.

Peter Diamond uses the Gordon growth formula to calculate an estimate of the equity
return (Diamond 2001). The classic Gordon Dividend Growth model is®":

K= (Di/Pg+g
K = Expected Return or Discount Rate Py = Price this period
D, = Expected Dividend next period g = Expected growth in dividends in perpetuity

Based on his analysis, he feels that the equity return assumption of 7% for the next 75
years is not consistent with a reasonable level of stock value compared to GDP. Even
when increasing the GDP growth assumption, he still does not feel that the equity return
is plausible. By reasoning that the next decade of returns will be lower than normal,
only then is the equity return beyond that time frame consistent with the historical return.
By considering the next 75 years together, he would lower the overall projected equity
return to 6-6.5%. He argues that the stock market is overvalued, and a correction is
required befare the long-run historical return is a reasonable projection for the future.

By using the OCACT assumption of 3.0% for the long-term real yield on Treasury
bonds, Diamond estimates a geometric equity risk premium of about 3-3.5%.

John Shoven begins by explaining why the traditional Gordon growth model is not
appropriate, and he suggests a modernized Gordon model that allows share
repurchases to be included instead of only using the dividend yield and growth rate
(Shoven 2001). By assuming a long-term price-earnings ratio between its current and
historical value, he comes up with an estimate for the long-term real equity return of
6.125%. Using his general estimate of 6-6.5% for the equity return and the OCACT
assumptions for the long-term bond vield, he projects a long-term equity risk premium of
approximately 3-3.5%. All the SSA experts begin by accepting the long-run historical

*® gee discussion of current yields on TIPS below.
*7 Brealey and Myers (2000), p67.
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ERP analyses and then modifying that by changes in the risk-free rate or by decreases
in the long-term ERP based on their own personal assessments. We now turn to the
major strains in ERP puzzle research.

ERP Puzzle Research

Campbell and Shiller (2001) begin with the assumption of mean reversion of
dividend/price and price/earnings ratios. Next, they explain the result of prior research
which finds that the dividend-price ratic predicts future prices, and historically, the price
corrects the ratio when it diverts from the mean™® Based on this result, they then use
regressions of the dividend -price ratio and the pric:e—smoothed-earnings39 ratio to predict
future stock prices out ten years. Both regressions predict large losses in stock prices
for the ten year horizon. Although Campbell and Shiller do not rerun the regression on
the dividend-price ratio to incorporate share repurchases, they point cut that the
dividend-price ratio should be upwardly adjusted, but the adjustment only moves the
ratio to the lower range of the historical fluctuations (as opposed to the mean). They
conclude that the valuation ratios indicate a bear market in the near future*®. They
predict for the next ten year period negative real stock returns. They caution that
because valuation ratios have changed so much from their normal level, they may not
completely revert to the historical mean, but this does not change their pessimism about
the next decade of stock market returns.

Arnott and Ryan (2001) take the perspective of fiduciaries, such as pension fund
managers, with an investment portfolio. They begin by breaking down the historical
stock returns (past 74 years since December 1925) by analyzing dividend yields and
real dividend growth. They point cut that the historical dividend yield is much higher
than the current dividend yield of about 1.2%. They argue that the changes from stock
repurchases, reinvestment, and mergers and acquisitions, which affect the lower
dividend yield, can be represented by a higher dividend growth rate. However, they cap
real dividend or earnings growth at the level of real economic growth. They add the
dividend yield and the growth in real dividends to come up with an estimate for the
future equity return; the current dividend yield of 1.2% and the economic growth rate of
2.0% add to the 3.2% estimated real stock return. This method corresponds to the
dividend growth model or earnings growth model and does not take into account
changing valuation levels. They cite a TIPS yield of 4.1% for the real risk-free rate
return® These two estimates yield a negative geometric long-horizon conditional
equity risk premium.

Arnott and Bernstein (2002) begin by arguing that in 1926 investors were not expecting
the realized, historical compensation that they later received from stocks. They cite
bonds’ reaction to inflation, increasing valuations, survivorship bias*?, and changes in

% Campbell and Shiller (1989).
=9 Earnings are “smoothed” by using ten year averages.
I The stock market correction from year-end 1999 to year-end 2002 is a decrease of 37.6% or 14.6% per
year. Presumably, the *next ten years” refers to 2000 to 2010.
See the current TIPS vield discussion near end of paper.
*2 See Brown et al. (1992, 1995) for details on potential survivorship bias.
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regulation as positive events that helped investors during this period. They only use the
dividend growth model to predict a future expected return for investors. They do not
agree that the earnings growth model is better than the dividend growth model both
because earnings are reported using accounting methods and earnings data before
1870 are inaccurate. Even if the earnings growth model is chosen instead, they find
that the earnings growth rate from 1870 only grows 0.3% faster than dividends, so their
results would not change much. Because of the Modigliani-Miller theorem®, a change
in dividend pelicy should not change the value of the firm. They conclude that
managers benefited in the “era of ‘robber baron’ capitalism” instead of the conclusion
reached by others that the dividend growth model under-represents the value of the
firm.

By helding valuations constant and using the dividend yield and real growth of
dividends, Arnctt and Bernstein calculate the equity return that an investor might have
expected during the historical time period starting in 1802. They use an expected
dividend yield of 5.0%, close to the historical average of 1810 to 2001. For the real
growth of dividends, they choose the real per capita GDP growth less a reduction for
entrepreneurial activity in the economy plus stock repurchases. They conclude that the
net adjustment is negative, so the real GDP growth is reduced from 2.5-3% to only 1%.
A fair expectation of the stock return for the historical period is close to 6.1% by adding
5.0% for the dividend yield and a net real GDP per capita growth of 1.1%. They use a
TIPS yield of 3.7% for the real risk-free rate, which yields a geometric intermediate-
horizon equity risk premium of 2.4% as a fair expectation for investors in the past. They
consider this a“normal’ equity risk premium estimate. They also opine that the current
ERP is zero; i.e. they expect stocks and (risk-free) bonds to return the same amounts.

Fama and French (2002) use both the dividend growth model and the earnings growth
model to investigate three periods of historical returns: 1872 to 2000, 1872 to 1950, and
1951 to 2000. Their ultimate aim is to find an unconditional equity risk premium. They
cite that by assuming the dividend-price ratio and the earnings-price ratio follow a mean
reversion process, the result follows that the dividend growth model or earnings growth
model produce approximations of the unconditional equity return. Fama and French's
analysis of the earlier period of 1872 to 1950 shows that the historical average equity
return and the estimate from the dividend growth model are about the same. In
contrast, they find that the 1951 to 2000 pericd has different estimates for returns when
comparing the historical average and the growth models’ estimates. The difference in
the historical average and the model estimates for 1951 to 2000 is interpreted to be
‘unexpected capital gains” over this period. They find that the unadjusted growth model
estimates of the ERP, 2.55% from the dividend model and 4.32% from the earnings
model, fall short of the realized average excess return for 1951-2000. Fama and
French prefer estimates from growth models instead of the historical method because of
the lower standard error using the dividend growth model. Fama and French provide
3.83% as the unconditional expected equity risk premium return {referred to as the
annual bias-adjusted ERP estimate) using the dividend growth model with underlying
data from 1951 to 2000. They give 4.78% as the unconditional expected equity risk

4 Brealey and Myers (2000), p447. See also discussion in Ibbotson and Chen (2003).
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premium return using the earnings growth model with data from 1951 to 2000. Note
that using a one-month Treasury bill instead of commercial paper for the risk-free rate
would increase the ERP by about 1% to nearly 6% for the 1951-2000 pericd.

Ibbotson and Chen (2003) examine the historical real geometric long-run market and
long risk-free returns using their “building block” methodology.* They use the full 1926-
2000 Ibbotson Associates data and consider as building blocks all of the fundamental
variables of the prior researchers. Those blocks include (not all simultaneously):

Inflation

Real risk-free rates (long)

Real capital gains

Growth of real earnings per share
Growth of real dividends

Growth in payout ratio (dividend/earnings)
Growth in book value

Growth in ROE

Growth in price/earnings ratio

Growth in real GDP/population

Growth in equities excess of GDP/POP
Reinvestment

Their calculations show that a forecast real geometric long run returnof 9.4% is a
reasonable extrapolation of the historical data underlying a realized 1926-2000 return of
10.7%, yielding a long horizon arithmetic ERP of 6%, or a short horizon arithmetic ERP
of about 7.5%.

The authors construct six building block methods; i.e., they use combinations of historic
estimates to produce an expected geometric equity return. They highlight the
importance of using both dividends and capital gains by invoking the Maodigliani-Miller
theorem. The methods, and their component building blocks are:

o Method 1: Inflation, real risk free rate, realized ERP
o Method 2. Inflation, income, capital gains and reinvestment
o Method 3. Inflation, income, growth in price/earnings, growth in real earnings

per share and reinvestment.

e Method 4. Inflation, growth rate of price/earnings, growth rate of real
dividends, growth rate of payout ratio dividend yield and
reinvestment

o Method 5. Inflation, income growth rate of price/earnings, growth of real book
value, ROE growth and reinvestment

¢ Method6: Inflation, income, growth in real GDP/POP, growth in equities
excess GDP/POP and reinvestment.

“ see Appendix D for a summary of their building block estimates. See also Pratt (1998) for a discussion
of the Building Block, or Build-Up Model, cost of capital estimation method.
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All six methods reproduce the historical long horizon geometric mean of 10.70% as
shown in Appendix D. Since the source of most other researchers’ lower ERP is the
dividend yield, the authors recast the historical results in terms of ex ante forecasts for
the next 75 years. Their estimate of 9.37% using supply side methods 3 and 4 is
approximately 130 basis points lower than the historical result. Within their methods,
they also show how the substantially lower expectation of 5.44% for the longmean
geometric return is calculated by omitting one or more relevant variables. Underlying
these ex ante methods are the assumptions of stationarity of the mean ERP return and
market efficiency, the absence of the assumption that the market has mispriced
equities. All of their methods are aimed at producing an unconditioned estimate of the
ex ante ERP.

As opposed to short-run, conditional estimates from Campbell and Shiller and others,
Constantinides (2002) seeks to estimate the unconditional equity risk premium, more in
line with the goal of Fama and French (2002) and Ibbotson and Chen (2003). He
begins with the premise that the unconditional ERP can be estimated from the historical
average using the assumption that the ERP follows a stationary path. He suggests
most of the other research produces conditional estimates, conditioned upon beliefs
about the future paths of fundamentals such as dividend growth, price-earnings ratio
and the like. While interesting in themselves, they add little to the estimation of the
unconditional mean ERP.

Constantinides uses the historical return and adjusts downward by the growth in the
price-earnings ratio to calculate the unconditional equity risk premium. He removes the
growth in the price-earnings ratioc because he is assuming no change in valuations in
the unconditional state. He gives estimates using three periods. For 1872-2000, he
uses the historical equity risk premium which is 6.9%, and after amortizing the growth in
the price-dividend ratio or price-earnings ratio over a period as long as 129 years, the
effect of the potential reduction is no change. Therefore, he finds an unconditional
arithmetic, short-horizon equity risk premium of 6.9% using the 1872-2000 underlying
data. For 1951-2000, he again starts with the historical equity risk premium which is
8.7% and lowers this estimate by the growth in the price-earnings ratio of 2.7% to find
an unconditional arithmetic, short-horizon equity risk premium of 6.0%. For 1926-2000,
he uses the historical equity risk premium which is 9.3% and reduces this estimate by
the growth in the price-earnings ratio of 1.3% to find an unconditional arithmetic, short-
horizon equity risk premium of 8.0%. Heappeals to behavioral finance to offer
explanations for such high unconditional equity risk premium estimates.

From the perspective of giving practical investor advice, Malkiel (1999) discusses “the
age of the millennium” to give some indication of what investors might expect for the
future. He specifically estimates a reasonable expectation for the first few decades of
the twenty-first century. He estimates the future bond returns by giving estimates if
bonds are held to maturity with corporate bonds of 6.5-7%, long-term zero-coupon
Treasury bonds of about 5.25%, and TIPS with a 3.75% return. Depending on the
desired level of risk, Malkiel indicates bondholders should be more favorably
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compensated in the future compared to the historical returns from 1926 to 1998.
Malkiel uses the earnings growth model to predict future equity returns. He uses the
current dividend yield of 1.5% and an earnings growth estimate of 6.5%, yielding an 8%
equity return estimate compared with an 11% historical return. Malkiel's estimated
range of the equity risk premium is from 1% to 4.25%, depending on the risk-free
instrument selected. Although his equity risk premium is lower than the historical return,
his selection of a relatively high earnings growth rate is similar to Ibbotson and Chen's
forecasted models. In contrast with Ibbotson and Chen, Malkiel allows for a changing
equity risk premium and advises investors to not rely solely on the past "age of
exuberance” as a guide for the future. Malkiel points out the impact of changes in
valuation ratios, but he does not attempt to predict future valuation levels.

Finally, Mehra (2002) summarizes the results of the research since the ERP puzzle was
posed. The essence of the puzzle is the inconsistency of the ERPs produced by
descriptive and prescriptive economic models of asset pricing on the one hand ard the
historical ERPs realized in the US marketon the other. Mehra and Prescott (1985)
speculated that the inconsistency could arise from the inadequacy of standard models
to incorporate market imperfections and transaction costs. Failure of the models to
reflect reality rather than failure of the market to follow the theory seems to be Mehra's
conclusion as of 2002. Mehra points to two promising threads of model-maodifying
research. Campbell and Cochrane (1999) incorporate economic cycles and changing
risk aversion while Constantinides et al. (2002) propose a life cycle investing
modification, replacing the representative agent by segmenting investors into young,
middle aged, and older cohorts. Mehra sums up by offering:

‘Before we dismiss the premium, we not only need to have an
understanding of the observed phenomena but also why the
future is likely to be different. In the absence of this, we can
make the following claim based on what we know. Over the
long herizon the equity premium is likely to be similar to what
it has been in the past and the returns to investment in equity
will continue to substantially dominate those in bonds for
investors with a long planning horizon.”

Financial Analyst Estimates

Claus and Thomas (2001) and Harris and Marston (2001) both provide equity premium
estimates using financial analysts’ forecasts. However, their results are rather different.
Claus and Thomas use an abnormal earnings model with data from 1985 to 1998 to
calculate an equity risk premium as opposed to using the more common dividend
growth model. Financial analysts project five year estimates of future earnings growth
rates. When using this five year growth rate for the dividend growth rate in perpetuity in
the Gordon growth model, Claus and Thomas explain that there is a potential upward
bias in estimates for the equity risk premium. Therefore, they choose to use the
abnormal earnings model instead and only let earnings grow at the level of inflation after
five years. The abnormal earnings model replaces dividends with “abnormal earnings’
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and discounts each flow separately instead of using a perpetuity. The average estimate
that they find is 3.32% for the equity risk premium. Although it is generally recognized
that financial analysts’ estimates have an upward bias, Claus and Thomas propose that
in the current literature, financial analysts’ forecasts have underestimated short-term
earnings in order for management to achieve earnings estimates in the slower
economy. Claus and Thomas conclude that their findings of the ERP using data from
the past fifteen years are not in line with historical values.

Harris and Marston use the dividend growth model with data from 1982 to 1998. They
assume that the dividend growth rate should correspond to investor expectations. By
using financial analysts’ longest estimates (five years) of earnings growth in the model,
they attempt to estimate these expectations. They argue that if investors are in accord
with the optimism shown in analysts’ estimates, even biased estimates do not pose a
drawback because these market sentiments will be reflected in actual returns. Harris
and Marston find an equity risk premium estimate of 7.14%. They find fluctuations in
the equity risk premium over time. Because their estimates are close to historical
returns, they contend that investors continue to require a high equity risk premium.

Survey Methods

One method to estimate the ex ante equity risk premium is to find the consensus view of
experts. John Graham and Campbell Harvey perform a survey of Chief Financial
Officers to determine the average cost of capital used by firms. lvo Welch surveys
financial economists to determine the equity risk premium that academic experts in this
area would estimate.

Graham and Harvey administer surveys from the second quarter of 2000 to the third
quarter of 2002 {(Graham and Harvey, 2002). For their survey format, they show the
current ten year bond yield and then ask CFQOs to provide their estimate of the S&P 500
return for the next year and over the next ten years. CFOs are actively involved in
setting a company’s individual hurdle *®® rate and are therefore considered
knowledgeable about investors’ expec:’rati*:)ns.46 When comparing the survey responses
of the one and ten year returns, the one year returns have so much volatility that they
conclude that the ten-year equity risk premium is the more important and appropriate
return of the two when making financial decisions such as hurdle rates and estimating
cost of capital. The average tenyear equity risk premium estimate varies from 3% to
4.7%.

The most current Welch survey compiles the consensus view of about five hundred
financial economists (Welch 2001). The average arithmetic estimate for the 30-year
equity risk premium relative to Treasury bills is 5.5%; the one-year arithmetic equity risk
premium consensus is 3.4%. Welch deduces from the average 30-year geometric

* A *hurdle” rate is a benchmark cost of capital used to evaluate projects to accept {expected returns
greater than hurdle rate) or reject (expected returns less than hurdle rate).
® Graham and Harvey claim three-fourths of the CFOs use CAPM to estimate hurdle rates.
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equit}{?return estimate of 2.1% that the arithmetic equity return forecast is approximately
10%.

Welch's survey question allows the participants to self select into different categories
based upon their knowledge of ERP. The results indicate that the responses of the less
ERP knowledgeable participants showed more pessimism than those of the self
reported experts. The experts gave 30-year estimates that are 30 to 150 basis points
above the estimates of the nonexpert group.

Differences in Forecasts across Expertise Level
Relative Statistic Stock Market Equity Premium
Expertise
30-Year 30-Year 30-Year
Geometric Arthmetic | Geometric
188 Less Involved Mean 8.5% 4.9% 4.4%
Median 8% 5% 4%
IQ Range 6%-10% 3% 6% 2%-5.5%
235 Average Mean 9.2% 5.8% 4.8%
Median 9% 5% 4%
IQ Range 7.5%-10% 3.5%-7% 3% 6%
72 Experts Mean 10.1% 6.2% 5.4%
Median 9% 5.4% 5%
IQ Range 8%-11% 4%-7 5% 3.4% 6%
Data Source: Welch (2001), Table 5
Table 8

Table 8 shows that there may be a “lemming” effect, especially among economists who
are not directly involved in the ERP question. Stated differently, all the academic and
popular press, together with the prior Welch survey*® could condition the non-expert, the
‘less involved”, that the expected ERP was lower than historic levels.

The Behavioral Approach

Benartzi and Thaler (1995) analyze the equity risk premium puzzle from the point of
view of prospect theory (Kahneman and Tversky; 1979). Prospect theory® has “loss
aversion’, the fact that individuals are more sensitive to potential loss than gain, as cne
of its central tenets. Once an asymmetry in risk aversion is introduced into the model of
the rational representative investor or agent, the unusual risk aversion problem raised
initially by Mehra and Prescott (1985) can be “explined” within this behavicoral model of
decision-making under uncertainty. Stated differently, given the historical ERP series,
there exists a model of investor behavior that can produce those or similar results.
Benartzi and Thaler combine loss aversion with “mental accounting”, the behavioral
process people use to evaluate their status relative to gains and losses compared to
expectations, utility and wealth, to get *‘myopic loss aversion”. In particular, mental

4" For the Ibbotson 1926-2002 data, the arithmetic return is about 190 basis points higher than the
geometric return rather than the inferred 90 basis points. This suggests the participant’s beliefs may not
be internally consistent.

“ The prior Welch survey in 1998 had a consensus ERP of about 7%.

“9 A current survey of the applications of prospect theory to finance can be found in Benartzi et al. (2001).
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accounting for a portfolio needs to take place infrequently because of loss aversion, in
order to reduce the chances of cbserving loss versus gain. The authors concede that
there is a puzzle with the standard expected utility-maximizing paradigm but that the
myaopic loss aversion view may resolve the puzzle. The authors’ views are not free of
controversy; any progress along those lines is sureto match the advance of behavioral
economics in the large.

The adoption of other behavioral aspects of investing may alsc provide support for the
historical patterns of ERPs we see from 1802-2002. For example, as the true nature of
risk and rewards has been uncovered by the virtual army of 20" century researchers,
and as institutional investors held sway in the latter fifty years of the century, the
demand for higher rewards seen in the later historical data may be a natural and
rational response to the new and expanded information set. Dimson et al. (2002, Figure
4-6) displays increasing real US equity returns of 6.7, 7.4, 8.2 and 10.2 for periods of
101, 75, 50 and 25 years ending in 2001 consistent with this “risk-learning” view.

Next Ten Years

The “next ten years” is an issue that experts reviewing Social Security assumptions and
Campbell and Shiller address either explicitly or implicitly. Experts evaluating Social
Security’s proposals predicted that the “next ten years”®, indicating a period beginning
around 2000, of returns were likely to be below the historical return. However, a
historical return was recommended as appropriate for the remaining 65 of the 75 years
to be projected. For Campbell and Shiller (2001), the period they discuss is
approximately 2000-2010. Based on the current state of valuation ratios, they predict
lower stock market returns over “the next ten years”. These expert predictions, and
other pessimistic low estimates, have already come to fruition as market results 2000
through 2002.%° The US equities market has decreased 37.6% since 1999, or an
annual decrease of 14.6%. Although these forecasts have proved to be accurate in the
short term, for future long-run projections, the market is not at the same valuation today
as it was when these conditional estimates were originally given. Therefore, actuaries
should be wary of using the low long-run estimates made prior to the large market
correction of 2000-2002.

Treasury Inflation Protection Securities (TIPS)

Several of the ERP researchers refer to TIPS when considering the real risk free rates.
Historically, they adjust Treasury yields downward to a real rate by an estimate of
inflation, presumably for the term of the Treasury security. As Table 3 shows using the
Siegel data, the modern era data show a low real long-term risk-free rate of return
(2.2%). This contrasts with the initial®' TIPS issue yields of 3.375%. Some researchers
use those TIPS yields as (market) forecasts of real risk-free returns for intermediate and
long -harizon, together with reduced (real) equity returns to produce low estimates of ex
ante ERPs. None consider the volatility of TIPS as indicative of the accuracy of their
ERP estimate.

* The Social Security Advisory Board will revisit the seventy five year rate of return assumption during
2003, Social Security Advisory Board (2002).
' TIPS were introduced by the Treasury in 1996 with the first issue in January, 1997,
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Table @ shows a recent market valuation of ten and thirty year TIP S issued in 1998-
2002,

Inflationdndexed Treasury Securities
Maturity Coupon Issue Yield to Maturity
Rate
1/11 3.500 1.763
112 3.375 1.831
M2 3.000 1.878
4/28 3.625 2.498
4/29 3.875 2.490
4/32 3.375 2.408
Source: WSJ 1 2/24/2003
Table 9

Note the large 90-180 basis point decrease in the current “real” yields from the issue
yields as recent as ten months age. While there can be several explanations for the
change (revaluation of the inflation option, flight to Treasury quality, paucity of 30 year
Treasuries), the use of these current “real’ risk free yields, with fixed expected returns,
would raise ERPs by at least one percent.

Conclusion

This paper has sought to bring the essence of recent research on the equity risk
premium to practicing actuaries. The researchers covered here face the same
ubiquitous problems that actuaries face daily: Do | rely on past data to forecast the
future (costs, premiums, investments) or do | analyze the past and apply informed
judgment as to future differences, if any, to arrive at actuarially fair forecasts? Most of
the ERP estimates lower than the unconditional historical estimate have an undue
reliance on recent lower dividend yields (without a recognition of capital gainssz) andfor
on data prior to 1926.

Despite a spate of research suggesting ex ante ERPs lower than recent realized ERPs,
actuaries should be aware of the range of estimates covered here (Appendix B); be
aware of the underlying assumptions, data and terminology, and be aware that their
independent analysis is required before adopting an estimate other than the historical
average. We believe that the Ibbotson-Chen (2003) layout, reproduced here as
Appendix D, offers the actuary both an understanding of the fundamental components
of the historical ERP and the opportunity to change the estimates based upon good
judgment and supportable beliefs. We believe that reliance solely on “expert” survey
averages, whether of financial analysts, academic economists, or CFOs, is fraught with
risks of statistical bias to fair estimates of the forward ERP.

2 Under the current US tax code, capital gains are tax-advantaged relative to dividend income for the
vast majority of equity holders (households and mutual funds are 55% of the total equity holders, Federal
Flow of Funds, 2002 Q3, Table L-213). Curiously, the reverse is true for property-liability insurers
because of the 70% stock dividend exclusion afforded insurers.
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It is dangerous for actuaries to engage in simplistic analyses of historical ERPs to
generate ex ante forecasts that differ from the realized mean®® The research we have
catalogued in Appendix B, the common level ERPs estimated in Appendix C, and the
building block (historical) approach of Ibboston and Chen in Appendix D all discuss
important concepts related to both ex post and ex ante ERPs and cannot be ignored in
reaching an informed estimate. For example, Richard Wendt, writing in a 2002 issue of
Risks and Rewards, a newsletter of the Society of Actuaries, concludes that a linear
relationship is a better predictor of future returns than a “constant” ERP based on the
average historical return He arrives at this conclusion by estimating a regression
equation54 relating long bond yields with 15-year geometric mean market returns
starting monthly in 1960. First, there is no significant relationship between short,
intermediate or long-term income returns over 1926-2002 (or 1960-2002) and ERPs, as
evidenced by simple regressions using Ibbotson data.® Second, if the linear structural
equation indeed held, there would be no need for an ERP since the (15-year) return
could be predicted within small error bars. Third, there is always a negative bias
introduced when geometric averages are used as dependent variables (Brennan and
Schwartz, 1985). Finally, the results are likely to be spurious due to the high
autocorrelations of the target and independent variables; an autocorrelation correction
would eliminate any significant relationship of long-yields to the ERP.

Actuaries should also be aware of the variability of both the ERP and risk-free rate
estimates discussed in this paper (see Tables 4 and 9). All too often, return estimates
are made without noting the error bars and that can lead to unexpected “surprises”. As
one example, recent research by Francis Longstaff (2002), proposes that a 1991-2001
“flight to quality” has created a valuation premium (and lowered yields) in the entire yield
curve of Treasuries. He finds a 10 to 16 basis point liquidity premium throughout the
zero coupon Treasury yield curve. He translates that into a 10% to 15% pricing
difference at the long end. This would imply a simple CAPM market estimate for the
long horizon might be biased low.

Finally, actuaries should know that the research catalogued in Appendix B is not
definitive. No simple model of ERP estimation has been universally accepted.
Undoubtedly, there will be still more empirical and theoretical research into this data rich
financial topic. We await the potential advances in understanding the return process
that the behavioral view may uncover.

Post Script: Appendices A-D

We provide four appendices that catalogue the ERP approaches and estimates
discussed in the paper. Actuaries, in particular, should find the numerical values, and
descriptions of assumptions underlying those values, helpful for valuation work that

°* ERPs are derived from historical or expected after corporate tax returns. Pre-tax returns depend
uniquely on the tax schedule for the differing sources of income.

= 15-year mean returns = 2.032 (Long Government Bond Yield) — 0.0242, R’ = 0.882.

* The p-values on the yield-variables in an ERP/Yield regression using 1926-2002 annual data are
0.1324, 0.2246, and 0.3604 for short, intermediate and long term vields respectively with adjusted r
square virtually zero.
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adjusts for risk. Appendix A provides the annual Ibbotson data from 1928 through 2002
from Ibbotson Associates referred to throughout this paper. The equity risk-premium
shown is a simple difference of the arithmetic stock returns and the arithmetic U.S.
Treasury Bills total returns. Appendix B is a compilation of articles and books related to
the equity risk premium. The puzzle research section contains the articles and bocks
that were most related to addressing the equity risk premium puzzle. Page 1 of
Appendix B gives each source, along with risk-free rate and equity risk premium
estimates. Then, each source’s estimate is classified by type (indicated with an X for
the appropriate type). Page 2 of Appendix B shows further details collected from each
source. This page adds the data period used, if applicable, and the projection period.
We also list the general methodology used in the reference. The final three pages of
Appendix B provide the footnotes which give additional details on the sources’ intent.

Appendix C adjusts all the equity risk premium estimates to a short-horizon, arithmetic,
unconditional ERP estimate. We begin with the authors’ estimates for a stock return
(the risk-free rate plus the ERP estimate). Next, we make adjustments if the ERP "type”
given by the author(s) is not given in this format. For example, to adjust from a
geometric to an arithmetic ERP estimate, we adjust upwards by the 1926-2002
historical difference in the arithmetic large company stocks’ total return and the
geometric large company stocks’ total return of 2%. Next, if the estimate is given in real
instead of nominal terms, we adjust the stock return estimate upwards by 3.1%, the
1926-2002 historical return for inflation.

We make an approximate adjustment to move the estimate from a conditional to
uncenditional estimate based on Fama and French (2002). Using the results for the
1951-2000 period shown in Table 4 of their paper and the standard deviations provided
in Table 1, we have four adjustments based on their data. For the 1951-2000 period,
Fama and French use an adjustment of 1.28% for the dividend growth model and
0.46% for the earnings growth model. Following a similar calculation, the 1872-2000
period would require a 0.82% adjustment using a dividend growth model; the 1872-1950
period would require a 0.54% adjustment using a dividend growth model. Earnings
growth models were used by Fama and French only for the 1951-2000 data period.
Therefore, we selected the lowest adjustment (0.46%) as a minimum adjustment from a
conditional estimate to an unconditional estimate. Finally, we subtract the 1926-2002
historical U.S. Treasury Bills’ total return to arrive at an adjusted equity risk premium.

These adjustments are only approximations because the various sources rely on
different underlying data, but the changes in the ERP estimate should reflect the
underlying concept that different “types” of ERPs cannot be directly compared and
require some attempt to normalize the various estimates.

Page 1 of Appendix D is a table from Ibbotson and Chen whichbreaks down historical
returns using various methods that correspond to their 2003 paper (reprinted with
permission of Ibbotson Associates). The bottom portion provides forward-looking

estimates. Page 2 of Appendix D is provided to show the formulas that Ibbotson and
Chen develop within their paper.
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Appendix A
Ibbotson Market Data 1926-2002*

Common Stocks U. S. Treasury Bills Arithmetic Short-Horizon
Total Annual

Year Returns Total Annual Returns Equity Risk Premia
1926 11.62% 3.27% 8.35%
1927 37.49% 3.12% 34.37%
1928 43.61% 3.56% 40.05%
1929 - 8.42% 4.75% -13.17%
1930 -24.90% 2.41% -27.31%
1931 -43.34% 1.07% -44.41%
1932 -8.19% 0.96% -9.15%
1933 53.99% 0.30% 53.69%
1934 - 1.44% 0.16% - 1.60%
1935 47 87% 0.17% 47.50%
1936 33.92% 0.18% 33.74%
1937 -35.03% 0.31% -35.34%
1938 31.12% - 0.02% 31.14%
1939 -0.41% 0.02% -043%
1940 - 9.78% 0.00% - 9.78%
1941 -11.59% 0.06% -11.65%
1942 20.34% 0.27% 20.07%
1943 25.90% 0.35% 25.55%
1944 19.75% 0.33% 19.42%
1945 36.44% 0.33% 36.11%
1946 - 8.07% 0.35% - 8.42%
1947 5.71% 0.50% 5.21%
1948 5.50% 0.81% 4.69%
1949 18.79% 1.10% 17.68%
1950 31.71% 1.20% 30.51%
1951 24.02% 1.49% 22.53%
1952 18.37% 1.66% 16.71%
1953 - 0.99% 1.82% -2.81%
1954 52.62% 0.86% 51.76%
1955 31.56% 1.57% 29.96%
1956 6.56% 2.46% 4.10%




Appendix A
Ibbotson Market Data 1926-2002*

Common Stocks U. 5. Treasury Bills Arithmetic Short-Horizon
Total Annual

Year Returns Total Annual Returns Equity Risk Premia
1957 -10.78% 3.14% -13.92%
1958 43.36% 1.54% 41.82%
1959 11.96% 2.95% 9.01%
1960 0.47% 2.66% -219%
1961 26.89% 2.13% 24.76%
1962 - 8.73% 2.73% -11.46%
1963 22.80% 3.12% 19.68%
1964 16.48% 3.54% 12.94%
1965 12.45% 3.93% 8.52%
1966 -10.06% 4.76% -14.82%
1967 23.98% 4.21% 19.77%
1968 11.06% 5.21% 5.85%
1969 - 8.50% 6.98% -15.08%
1970 4.01% 6.52% -251%
1971 14.31% 4.39% 9.92%
1972 18.98% 3.84% 15.14%
1973 -14.66% 6.93% -21.59%
1974 -26.47% 8.00% -34.47%
1975 37.20% 5.80% 31.40%
1976 23.84% 5.08% 18.76%
1977 -7.18% 5.12% -12.30%
1978 6.56% 7.18% - 062%
1979 18.44% 10.38% 8.06%
1980 32.42% 11.24% 21.18%
1981 -4.91% 14.71% -19.62%
1982 21.41% 10.54% 10.87%
1983 22.51% 8.80% 13.71%
1984 6.27% 9.85% - 3.58%
1985 32.16% 7.72% 24 .44%
1986 18.47% 6.16% 12.31%
1987 5.23% 5.47% -0.24%
1988 16.81% 6.35% 10.46%
1989 31.49% 8.37% 23.12%




Appendix A
Ibbotson Market Data 1926-2002*

Common Stocks U. 5. Treasury Bills Arithmetic Short-Horizon
Total Annual

Year Returns Total Annual Returns Equity Risk Premia
1990 -3.17% 7.81% -10.98%
1991 30.55% 5.60% 24.95%
1992 7.67% 3.51% 4.16%
1993 9.99% 2.90% 7.09%
1994 1.31% 3.90% -2.59%
1995 37.43% 5.60% 31.83%
1996 23.07% 521% 17.86%
1997 33.36% 5.26% 28.10%
1998 28.58% 4.86% 23.72%
1999 21.04% 4.68% 16.36%
2000 -9.11% 5.89% -15.00%
2001 -11.88% 3.83% -15.71%
2002 -22.10% 1.65% -23.75%
mean= 12.20% 3.83% 8.37%
Standard Dev= 20.49% 3.15% 20.78%

* 2003 SBB! Yearbook pages 38 and 30
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Source Risk-free-Rate |ERP Estimate ges|228 8| Zlsgls5e|ls5% 85 & 5
Historical
Isbotson Associates 3.8% 8.4% ¥ A A X b b
[Social Security
Office of the Chief Actuary ' 2.3%,3.0%9 4.7% 4 0% 3 b X b b b
John Campbell 2 3% tc 3.5% 7 15-2.5%, 34% 3 b A . b X
Peter Diamond 22% " <4 8% 4 A X b b X
Peter Diamond * 3.0% " 3.0% to 3.5% 7 X X X X X
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Robert Arnott and Peter Bernstein 3.7% 2.4% 77 X X X X X
Robert Armott and Ronald Ryan 41% "] -0.9% A X b b X
John Campbell and Robert Shiller N/A| Negative * A ? 7 A X
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George Constantinides 2.0% 9 6.9% * X X X X X
Bradford Cornell 56%,38% "7 3555%, 57%"'] b A A X b X
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Long-run expectation considered to be a forecast of more than 10 years.

Short-run expectation ¢ onsidered to be a forecast of 10 years or less.



Source

Risk-free Rate

ERP Estimate

Data Period

Methodelogy

Historical

Ibbotson Associates 3.8% ' 8.4% %' | 19262002 Historical
Social Security

Office of the Chief Actuary ' 2.3%, 3.0%° 4.7%, 4.0% * | 18001895, Projecting out 75 years Historical

John Campbell

3% to 3.5%°

15-2.5%, 3-4% >

Projecting out 75 years

Historical & Ratios (Div/Price & Earn
Gr)

Peter Diamond

229,10

<4.8%

Last 200 yrs for eq/ 75 for bonds, Proj 75 yrs

Fundamentals: Div Yld, GDP Gr

Peter Diamond *

3.0% "

3.0% to 3.5% *

Projecting out 75 years

Fundamentals: Div/Price

John Shoven*

3.0%, 3.5%

3.0%to 3.5% *

Projecting out 75 years

Fundamentals: P/E, GDP Gr

Puzzle Research

Robert Amott and Peter Bernstein 3.7% " 24% % | 1802 to 2001, normal Fundamentals: Div Yid & Gr
Robert Arnott and Ronald Ryan 41%™ -0.9% * | Past 74 years, 74 year projection ® Fundamentals: Div Yld & Gr
John Campbell and Robert Shiller N/A Negative 1 1871 to 2000, ten-year projection Ratios: P/E and Div/Price
James Claus and Jacob Thomas 7.64% 3.39% or less * | 1985-1998, long-term Abnormal Earnings model
George Constantinides 2 0% "° 6.9% *' | 1872 t0 2000, long-term Hist and Fund ® Price/Div & P/E

Bradford Cornell

56%. 3.8%"

3555% 57%%

18261897, long run forward-looking

Weighing thecretical and empirical
evid

Dimson, Marsh, & Staunton 1.0% "® 5.4% % | 18002000, prospective Adj hist ret, Var of Gordon gr model
Fundamentals: Dividends and
Eugene Fama and Kenneth French 3.24% ™ 3.83% & 4.78% ™ | Estimate for 1951-2000, long-term Earnings
Robert Harris and Felicia Marston 8.53% % 7.14% % | 18821998, expectational Fin analysts’ est, div gr model
Historical and supply side
Roger Ibbotson and Peng Chen 2.05% 7' 4% and 6% ¥ | 18262000, long-term approaches
Jeremy Siegel 4.0% 2 -0.9% to-0.3% ¥ | 1871 to 1998, forwarddooking Fundamentals: P/E, Div Yid, Div Gr
Jeremy Siegel 3.5% % 2-3% % | 18022001, forward-looking Eamings yield
Surveys
John Graham and Campbell Harvey ? by survey # 3-4.7% * | 2Q 2000 thru 3Q 2002, 1 & 10 year proj Survey of CFO's
Ivo Welch N/A 2 7% *° | 30-Year forecast, surveys in 97/88 & 88 Survey of financial economists
Ivo Welch ® 5% % 5.0% to 5.5% > | 30-Year forecast, survey around August 2001 Survey of financial economists
Misc.
Fundamentals: Inc, Earn Gr, &
Barclays Global Investors 5% ¥ 2.5%, 3.25% % Leng-run (10-year) expected return Repricing
Richard Brealey and Stewart Myers N/A 2 6to 8.5% > | 19261997 Predominantly Historical
Burton Malkiel 525% * 275%™ | 1926 to 1997, estimate millennium®’ Fundamentals: Div YId, Earn Gr
Richard Wendt ° 5.5% % 3.3% * | 1860-2000, estimate for 2001-2015 period Linear regression model




Footnotes:

" Social Security Administration.

? Presented to the Social Security Advisory Board.

® Presented to the Social Security Advisory Board. Update of 1898 article.

* Presented to the Social Security Advisory Board.

® Update to Welch 2000.

® Newsletter of the Investment Section of the Society of Actuaries.

7 Arithmetic mean of U_S. Treasury bills annual total returns from 1826-2002.

$2.3% Leng-run real yield on Treasury bonds; used for Advisory Council proposals. 3.0% Long-termreal yield on Treasury bonds; used in
1889 Social Security Trustees Report.

# Estimate for safe real interest rates in the future based on yield of long-term inflation-indexed Treasury securities of 3.5% and
short-term real interest rates recently averaging about 3%.

% Real long-term bond yield using 75 year historical average.

" Real yield on long-term Treasuries (assumption by OCACT).

'23.0% is the OCACT assu mption. 3.5% is the real return on long-run (30-year) inflaticn-indexed Treasury securities.

3 Long-term expected real geometric bond return (10 year-horizonj.

™ The yield on US government inflation-indexed bonds (starting bond real yield in Jan 2000).

" Average 10-year Government T-bond yield between 1985 and 1998 (yield of 11.43% in 1985 to 5.64% in 1998. The mean 30-year risk-free rate
for each year of the U S sample period is 31 basis points higher than the mean 10-year risk-free rate.

'® Rolled-over real arithmetic return of three-month Treasury bills and certificates.

" Historical 20-year Treasury bond return of 5.6%. Yield on 20-year Treasury bonds in 1998 was approximately 6%. Historical 1-month
Treasury bill return of 3.8%. Yield on 1-month Treasury bills in 1998 was approximately 4%.

'8 United States historical arithmetic real Treasury bill return over 1900-2000 period. 0.8% geometric Treasury bill return.

" Average real return on six-month commercial paper {proxy for risk-free interest rate). Substituting the one-month Treasury bill rate for the
six-month commercial paper rate causes estimates of the annual equity premium for 1851-2000 to rise by about 1.00%.

X Average yield to maturity on long-term U.S. government bonds, 1882-1598.

“ Real, geometric risk-free rate. Geometric risk-free rate with inflation {(nominal} 5.1:3%.
Nominal yield equivalent to historical geometric long-term government bond income return for 18262000

# The ten- and thirty-year TIPS bond yielded 4.0% in August 1999.

# Return on inflationindexed securities.

* Current 10-year Treasury bond yield. Survey administered from June 8, 2000 to June 4, 2002. The rate on the 10-year Treasury bond
changes in each survey. For example, in the Dec. 1, 2000 survey, the current annual yield on the 10-year Treasury bond was 5.5%. Forthe
June B, 2001 survey, the current annual yield on the 10-year Treasury bond was 5.3%.

# Arithmetic per-annum average return on rolled-over 30-day T-bills.

= Average forecast of arithmetic risk-free rate of about 5% by deducting ERP from market return.

% Current nominal 10-year bond yield.



% Return on Treasury bills. Treasury bills yield of about 5 percent in mid-1988. Average historical return on Treasury bills 3.8 percent.

* Good quality corporate bonds will earn approximately 6 5% to 7%. Long-term zero-coupon Treasury bonds will earn about 5. 25%.
Leng-term TIPS will earn a real return of 3.75%.

2111101 Long T-Bond yield; uses initial bond yields in predictive model.

! Arithmetic short-horizon expected equity risk premium. Arithmetic intermediate-horizon expected equity risk premium 7.4%.
Arithmetic long-horizon expected equity risk premium 7.0%. Geometric short-horizon expected equity risk premium 6.4%.

* Geometric equity premium over long-term Treasury securities. OCACT assumes a constant geometric real 7.0% stock return.

= Long-run average equity premium of 1.5% to 2.5% in geometric terms and 3% to 4% in arithmetic terms.

* Lower return over the next decade, followed by a geometric, real 7.0% stock return for remaining 65 years or
lower rate of return for entire 75-year period {obscures pattern of returns).

* Most likely poor return over the next decade followed by a return to historic yields. Working from OCACT stock return assumption,
he gives a single rate of return on equities for projection purposes of 6.0 to 8.5% {geometric, real).

* Geometric real stock return over the geometric real return on long-term government bonds.

. Expected geometric return over long-term government bonds. Their current risk premium is approximately zero, and their recommended expectation
for the future real return for both stocks and bonds is 24 percent. The "normal” level of the risk premium is modest
(2.4 percent or quite possibly less).

* Geometric real returns on stocks are likely to be in the 3%-4% range for the foreseeable future (1020 years).

* Substantial declines in real stock prices, and real stock returns below zero, over the next ten years {2001-2010).

“ The equity premium for each year between 1985 and 1998 in the United States. Similar results for five other markets.

* Unconditional, arithmetic mean aggregate equity premium over the 18722000 period. Over the period 1851 to 2000, the adjusted

estimate of the unconditional mean premium is 6.0%. The corresponding estimate over the 1926 to 2000 period is 8.0%. Sharp
distinction between conditional, short-term forecasts of the mean equity return and premium and estimates of the unconditional mean.

4 Long run arithmetic future ERP of 3.5% to 5.5% over Treasury bonds and 5% to 7% over Treasury bills. Compares estimates to historical
returns of 7.4% for bond premium and 9.2% for bill premium.

* 5.4% United States arithmetic expected future ERP relative to bills. 4 0% World {16 countries) arithmetic expected future ERP relative to bills.
4. 1% United States geometric expected future ERP relative to bills. 3.0% World (16 countries) geometric expected future ERP relative to bills.

“ 3.83% unconditional expected annual simple equity premium return {referred to as the annual-bias adjusted estimate of the annual
equity premium) using dividend growth model. 4 78% unconditional expected annual simple equity premium return {referred to as the
annual-bias adjusted estimate of the annual equity premium) using earnings growth model. Compares these results against histerical
real equity risk premium of 7.43% for 1951-2000.

* Average expectational risk premium. Because of the possible bias of analysts' optimism, the estimates are interpreted as "upper bounds” for
the market premium. The average expectational risk premium is approximately equal to the arithmetic {7.5%) long-term differential between
returns on stocks and long-term government bonds.

% 49 geometric (realj and 6% arithmetic {real). Forward looking long-horizon sustainable equity risk premium.

“ Using the dividend discount model, the forward-looking real long-term gecometric return on equity is 3.3%. Based on the earnings yield,
the forward-looking real long-term geometric retum on equity is between 3.1% and 3.7%.



“ Future geometric equity premium. Future real return on equities of about 6%.

* The 10-year premium. The one-year risk premium averages between 0.4 and 5.2% depending on the quarter surveyed.

% Arithmetic 30-year forecast relative to short-term bills; 10-year same estimate. Second survey 6.8% for 30 and 10-year estimate.
1-year horizon between 0.5% and 1.5% lower. Geometric 30-year forecast around 5.2% (50% responded to this question).

! Arithmetic 30-year equity premium (relative to short-term T-bills). Geometric about 50 basis points below arithmetic.
Arithmetic 1-year equity premium 3 to 3.5%.

%2 2 5% current {conditional) geometric equity risk premium. 3.25% long-run, geometric normal or equilibrium equity risk premium.

¥ Extra arithmetic return versus Treasury bills. "Brealey and Myers have no official position on the exact market risk premium, but we
believe a range of 6 to 8.5 percent is reasonable for the United States. We are most comfortable with figures towards the upper end of the range.”

* The projected geometric (nominal) total return for the S&P 500 is 8 percent per year.

% Arithmetic mean 15 year horizon.

*® 74 years since Dec 1925 and 74 years starting Jan 2000.

" Estimate the early decades of the twenty-first century.



Appendix C
Estimating a Short-Horizon Arithmetic Unconditional Equity Risk Premium

Fixed Short-horizon
Geometric short- arithmetic
Risk-free Stock Return to Real to Conditional to horizon unconditional
Source Rate ERP Estimate Estimate arithmetic nominal unconditional ® RFR ERP estimate
| Il Il 1\ W ! Vil bl
Historical
Ibbotson Associates 38%° 849 12.2% 0.0% 0.0% 0.00% 3.8% 8.4%
Social Security
Office of the Chief Actuary | 2.3%,3.0% 8 4.7%.4.0% * 7.0% 2.0% 31% 0.00% 3.8% 8.3%
John Campbell 2 3% to 3.5%° 1.5-2.5%, 34% e 6 0%-75% 0.0% 31% 0.46% 3.8% 58%-7.3%
Peter Diamond 22% 1 <4.8% <7.0% 2.0% 3.1% 0.46% 3.8% <B.8%
Peter Diamond * 3.0%" 3.0% to 3.5% *° £.0%-6.5% 2.0% 31% 0.46% 3.8% 7.8%-8.3%
John Shoven * 3.0%,3.5% 12 3.0% to 3.5% £.0%-7.0% 2.0% 31% 0.46% 3.8% 7.8%-8.8%
Puzzle Research
Robert Arnott and Peter Bemstein 37% " 2.4% ¥ 6.1% 2.0% 3.1% 0.46% 3.8% 7.9%
Robert Arnott and Ronald Ryan 4.1% 1 -0.9%> 3.2% 2.0% 31% 0.46% 3.8% 5.0%
John Campbell and Robert Shiller NfA Negative *° Negative NfA N/A NiA N/A N/A
James Claus and Jacob Thomas 7.64% 19 3.39% or less 11.03% 0.0% 0.0% 0.46% 3.8% 7.65%
(George Constantinides 2.0% ¢ 6.9% ¥ 8.9% 0.0% 31% 0.00% 3.8% 8.2%
Bradford Cornell 56%, 3.8% " 3.5-55%, 57% * 8.8%-10.8% 0.0% 0.0% 0.46% 3.8% 5.5%-7 5%
Dimson, Marsh, & Staunton 10% % 5.49 4 6.4% & 0.0% 3.1% 0.46% 3.8% 629 &
Eugene Fama and Kenneth French 3.249% 1° 3.83% & 4.78% * 7.07%-802% 0.0% 31% 0.00% 3.8% 6.37%-7.32%
Robert Harris and Felicia Marston 8.539% 7.14% % 12.34% > 0.0% 0.0% 0.46% 3.8% 9.00%
Roger Ibbotson and Peng Chen 2.05% ' 4% and 6% * 8.05% 0.0% 31% 0.00% 3.8% 7.35%
Jeremy Siegel 40% % -0.9% to-0.3% ¥ 3.1%-37% 2.0% 31% 0.46% 3.8% 4.8%-55%
Jeremy Siegel 35% 5 2.3% * 5 5%-65% 2 0% 31% 0.46% 3.8% 7.3%-83%
Surveys
John Graham and Campbell Harvey ? by survey 2 34.7%% 8.3%-10.2% N/A 0.0% 0.46% 3.8% 5.0%-6.9%
lva Welch N/A 2 7% N/A 0.0% 0.0% 0.46% 0.0% 7.5%
lve Welch ° 59 28 5.0% to 5.5% *' 10.0%-10.5% 0.0% 0.0% 0.46% 3.8% 6.7%-7.2%
Misc.
Barclays Global Investors 5% % 2.5%, 3.25% 2 7.5% 8.25% 2.0% 0.0% 0.46% 3.8% £5.16%-6.91%
Richard Brealey and Stewart Myers NiA 2 6to 85%® NFA 0.0% 0.0% 0.00% 0.0% 6.0%-8.5%
Burton Malkiel 5.25% 2 2.75% > 8.0% 2.0% 0.0% 0.46% 3.8% 6.7%
Richard Wendt © 55% ¥ 3.3% *° 8.8% 0.0% 0.0% 0.46% 3.8% 5.5%




Column formulas:
[Hr=1+1
VIE=111 + IV + W + V=V

Source for adjustments:
2003 Ibbotson Yearbook Table 2-1 page 33
Fama French 2002 (see footnote 60)

Footnotes (1-57 from Appendix B):

* World estimate of 5.0%.

“ | ong risk-free of 5.2% plus 7.14%.

® For the 1951-2000 pericd, Fama and French (2002) adjust the conditional dividend growth model estimate upwards by 1.28%
for an unconditional estimate, and they make a 0.46% upwards adjustment to the earnings growth model. We selectthe
smaller of the two as an approximate minimum adjustment. For the longer period of 1872-2000, a comparable adjustment
would be 0.82% for the dividend growth model and 0.54% for the 1872-1950 period using a dividend growth model. Earnings
growth rates are shown by Fama and French only for the 1951-2000 pericd.

* World estimate of 4.8%.



Appendix D

Historical and Forecasted Equity Returns- All Ibbotson and Chen Models {Percent).

Method/f Sum | Inflation Real Equity Real g{Real | g{Real -g g g g g{Real g{F5- Income Re- Additional | Forecast
Model Risk- Risk Capital EPS) Div} {Pay {BV} | {ROE) PE) GDPf GDP{ Retum | Investment Growth Eamings
Free Premium Gain out POP) POP) + Growth
Rate Ratio} Interaction

Column # I I 1l v vV VI VI VI X X X Xl Xl XV XV XVI XVl
Historical
Method1 | 10.70 3.081 205 524 0.33
Methed2 | 10.70 3.08 3.02 4.28 0.32
Method 3 | 10.70 3.08 1.75 1.25 428 0.34
Method 4 | 10.70 3.08 123 0.51 1.25 4.28 0.35
Method5 | 10.70 3.08 146 O3 1.25 4.28 0.31
Method & | 10.70 3.08 2.04 0.96 4.28 0.32
Forecast with Historical Dividend Yield
Model 3F 9.37 3.08 1.75 4.28 0.26
Model 3F 9.37 3.08| 205 3.97 0.27

{ERP)
Forecast with Current Dividend Yield
Model 4F | 544 3.08 1.23 1.10° 0.03
Model 4F 5.44 3.08| 205 0.24 0.07

(ERP)

]

Model4F, | 937 | 3.08 123 | 051 2.05 0.21 2.28
Model 4F; 1.10°

(FG) 9.37 3.08 . 0.21 4.98

Source: The data and format was made available by Ibbotson/Chen and is reprinted with permission by Ibbotson Associates.
Corresponds to Ibbotson/Chen Table 2 Exhibit; column numbers have been added.
¢ 2000 dividend yield

IJAssuming the historical average dividend-payout ratio, the 2000 dividend vyield is adjusted up 0.95 pps.




| Formula®

| Description of Method

Historical

Method 1 =1+ 1+ 1+ 1) -1 Building Blocks Method: inflation, real risk-free rate, and equity risk premium.

Method 2 | IS[{1+I*{1+V)-1]+XIV+XV Capital Gain and Income Method: inflation, real capital gain, and income return.
Earnings Maodel: inflation, growth in earnings per share, growth in price to earnings ratio, and income

Method 3 | IS[(1+II* 1+ VI 1+ X1+ XIVEXY return.

Method 4 | IS[(1+ID*(1+XI*{1+VIRA-VIID-1 ]+ X V+XY Dividends Model: inflation, growth rate of price earnings ratio, growth rate of the dollar amount of
dividends after inflation, growth rate of payout ratio, and dividend yield {income return).

Method & | IS[{1HI*(1+XIH( 1+ X 1+HX)-1 [+ XIVHXY Return on Book Equity Model: inflation, growth rate of price earnings ratio, growth rate of book value,
growth rate of ROE, and income return.

Method & [ IS[{1+I1*{1+XIP{1+XI1-1 ]+ XV +XY GDP Per Capita Model: inflation, real growth rate of the overall economic prod uctivity (GDP per capita),

increase of the equity market relative to the overall economic productivity, and income return.

Forecast with Historical Dividend Yield

Model 3F | IS[(1+ID*{1+VI}-1 ]+ XIV+XV Forward-locking Earnings Model: inflation, growth in real earnings per share, and income return.
Model 3F | IV=(1+D(1+HI 1+ Using Model 3F result to calculate ERP.
(ERP)

Forecast with Current Dividend Yield

Model 4F [ IS[(1+117{1+VI-1]1+XIV+XY Forward-locking Dividends Model: inflation, growth in real dividend, and dividend yield {income return);
also referred to as Gordon model.
Model 4F | IV=(1+1/{1+1*{1+111)]-1 Using Model 4F result to calculate ERP.
(ERP)
Model 4F | I=[(1+ID*(1 VI V-1 XV XXV Attempt to reconcile Model 4F and Model 3F.
Model 4F
(FG) XVIE[( 1+ DA 1+HID-TEXIVEXY Using Method 4F; result to calculate forecasted earnings.

Explanation of Ibbotson/Chen Table 2 Exhibit; using column numbers to represent formula.
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Estimating the Ex Ante Equity Premium

Abstract

We [ind that the true ex ante equity premium very likely lies within 50 hasis points of 3.5%.
This estimate is similar to values obtained in some recent studies but is considerably more precise.
In addition to narrowing the range of plausible ex ante equity premia, we also lind that equity
premium models that allow for time-variation, breaks, and/or trends are the models that best
malch the experience of U5 markets and are the enly models not rejected by our specification Lests.
This suggests that time-variation, breaks, and/or irends are critical [eatures of the equily premium
process.  Our approach involves simulating the distribution from which interest rales, dividend
growth rales, and cquity premia are drawn and determining the prices and relurns consistent. with
these distributions. We achicve the narrower range of cx anle cquity premium values and the
narrower set of plausible models by comparing statistics that arise from our simulations with key
[inancial characteristics of the US economy, including the mean dividend yield, return volatility,
and mean return. Our [indings are achieved in part with the imposition of more structure than is
typically exploited in the literature. In order to mitigate the potential for misspecilication with this
additional structure, we consider a broad collection of models that variously do or do not incorporate
[ealurcs such ag an adjustment in dividend growth rates 1o account for recently increased share
repurchase aclivily, sampling uncertainty in gencraling model parameters, and cross-correlation
beltween interest rales, dividend growth raies, and cquily premia.



Estimating the Ex Ante Equity Premium

Iinancial cconemic theory is often concerned with the premium that investors demand ex ante,
when they first decide whether Lo purchase risky stocks instead of risk-Iree debt. Tn contrast.
empirical Lests of the cquily premium olten focus on Lhe return inveslors reccived ox post.t Tt
is well known that estimates of the ex ante equity premium based on ex post data can be very
imprecise; such estimates have very wide margins of error, as wide as 1000 basis points in typical
studies and 320 basis points in some recent studics. This [act makes it challenging Lo employ the
cquity premium estimates for common practical purpoescs, including evaluating the cquity premium
puzzle, performing valualion, and conduclting capital budgeting. The imprecigion ol traditional
equity premium estimates also makes it dillicult to determine if the equity premium has changed
over time. Our goals, therefore, are to develop a more precise estimate of the ex ante equity premium
and to determine what kind of equity premium model can be supported by the experience of 1S
markets. We accomplish these goals by employing sirmulation techniques thal identily a range of
models of the cquity premium and the values of the ox ante equily premium that are consistent with
alues of several key [inancial statistics that are observed in US market data, including dividend
growth rates, interest rates, Sharpe ratios, price-dividend ratios, volatilities, and of course the ex
post equity premiumn.

Our resulls suggest that the mean ox anie equity premium lics within 50 basis points of 3.5%.
These resulls stand even when we allow for investors” uncertainty aboul the true state of the
world. The tightened bounds are achieved in part with the imposition of more structure than has
been commonly emploved in the equity premium literature. I[n order to mitigate the potential
for misspecilication with this additional structure, we consider a broad collection of models that
variously do or do nol incorporate lcatures such as a conditionally time-varying cquily premium, a
downward trend in the equity premium, a structural break in the equily premium, an adjustment
in dividend growth rates o account [or increased share repurchase activity in the lasl 25 years,
sampling uncertainty in generating model parameters, a range of time series models, and cross-

correlation between interest rates, dividend growth rates, and equity premia. We also [ind that

Yhe cquily prermium literalure is large, continnously growing, and much Loo vast 1o Tully cite here. For re-
cont. work, sce Bansal and Yaron (2004), Graham and Harvey (2005), and Jain (2003). For excelleont surveys see
Kocherlakota (1996], Siegel and Thaler (1997), Mchra and Prescout (2003), and Mcohra (2003).



cquity premium modecls that allow [or Lime-variation, breaks, and/or trends in the equity premium
process are the models that best match the experience of US markets and are the only models not
rejected by our specilication tests. This sugeests that time-variation, breaks, and/or trends are
critical features of the equity premium process, itself an important linding.

We draw on lwo relatively new technigques in order Lo provide a more precise estimale of the
cquilty premium than is currently available. The first technigque builds on the fundamental val-
uation dividend discounting method of Donaldson and Kamstra (1996). This technique permits
the simulation of fundamental prices, returns, and return volatility for a given ex ante equity pre-
mium. Donaldson and Kamstra [ind that if we allow dividend growth rates and discount rates to
be time-varying and dependent, as well as cross-corrclated, the lundamental prices and returng thal
come oul of dividend discounting maleh obscerved prices and returns, even during extreme covenls
like stock markel crashes. The sccond Lechnique is simulated method of moments (SMM).2 An
attractive feature of SMM is that the estimation of parameters requires only that the model, with
a given set of parameters, can generate data. SMM forms estimates of model parameters by using
a given model with a given set of parameter values to simulate moments of the data (for instance
means or volatilitics}, measuring the distance between the simulated moments and the actual data
moments, and repealing with new paramcter values until the parameter values thal minimize the
(weighted) distance are found.® The parameter estimates that minimize this distance are consistent
tor the true values, are asvmptotically normally distributed, and display the attractive feature of
permitting tests that can reject misspecilied models. The SMM technique has been described as
“eslimating on onc group ol moments, Lesting on another.” See Cochrane (2001, Scection 11.6). We
uge SMM rather than GMM because, as we show below, the economic model we use is nonlincar in
the paramelers and cannol. be solved without the use of SMM.

We exploit the dividend discounting method of Donaldson and Kamstra to generate simulated

tundamental prices, dividends, returns, and derivative moments such as the mean ex post equity

2Sirmulated method of moments was developed by Meladden (1989) and Pakes and Pollard (1989); and a helplul
introduction Lo Lthe technigue is provided in Carrasco and Plorens (2002). [Nxamples of papers thal employ SMM in
an assel pricing conlext are Duflie and Singleton (1993) and Corradi and Swanson (2005).

SThe typical implementation of SMM is 1o weight the moments inversely 1o their estimated precision: thal is
minimize the product of the moments weighted by the inverse of the covariance matrix of the moments. This is the
approach we adopt,



premium, mean dividend yield, and rceturn volatility for a given ox ante cquily premium.  We
minimize (hy choice of the ex ante equity premium} the distance hetween the simulated moments
that the model produces and the moments observed in US stock markets over the past half century,
That is, given various characteristics of the US economic experience {such as low interest rates and
a high cx posl equily premium, high Sharpe ratios and low dividend yields, efc.), we determine the
range of valucs of the cx anle equily premium and the sel of cquity premium models that are most
likely to have gencrated the observed collection of sample moments.

To undertake our study, we consider a broad collection of models, including models with and
without conditional time-variation in the equity premium process, with and without trends in the
cquity premium, with and without breaks in the equity premium, with and withoul breaks in the
dividend growth rate, as well as various autoregressive specifications for dividend growlh rales,
interest. rates, and the cquily premium. Virtually every model we consider achieves a minimum
distance between the simulated moments and the actual data moments by setting the ex ante
equity premium between 3% and 4%, tvpically verv close to 3.5%. That is, the equity premium
estimate is very close to 3.3% across our models. Further, the range of ex ante equity premium
values that can be supported by the TS data for a given model is typically within plus or minus
50 basis poinis of 3.5%. Our modcls of fundamentals, which caplure the dynamics of actual TS
dividend and interest rate data, imply that the true ex ante equity premium is 3.5% plus or minus 50
basis points. Simpler models of fundamental valuation, such as the Gordon {1962) constant dividend
growth model, are overwhelmingly rejected by the data. Models of the equity premium which do
nol. allow time-variation, trends, or breaks arc also rejected by the SMM model specificalion tests.
While we restrict our allention Lo a stock markel index in this study, the technique we employ is
more broadly applicable Lo estimaling the equity premium of an individual firm.

[n the literature to date, empirical work investigating the equity premium has largely consisted
of a series of innovations around a common theme: producing a better estimate of the mean ex
ante cquity premium. Recent work in the arca has included insights such as exploiting dividend
vields or carnings viclds Lo provide new, more precise estimales of the return 1o holding siocks (see
Fama and Trench, 2002, and Jagannathan, McGrattan, and Scherbina, 2000), looking across many

countries to accournt for survivorship issues (see Jorion and Goetzmanrt, 1999}, looking across many



countrics Lo decompose the equity premium into dividend growth, price-dividend ratio, dividend
vield, and real exchange rate components (see Dimson, Marsh, and Staunton, 2007}, modeling equity
premium structural breaks in a Bayvesian econometric framework (see Pidstor and Stambaugh, 2001),
or computing out-of-sample forecasts of the distribution of excess returns, allowing for structural
breaks which are identified in real time (sce Maheu and McCurdy, 2007). Most of this work cstimates
the ex ante equily premium by considering one moment of the data al a time, typically the mean
dillerence belween an estimale of the reiurn to holding equily and a rigk [ree raie, though Maheu
arnd MeCurdy {2007} consider higher-order moments of the excess return distribution and Pastor
ard Stambaugh (2001} incorporate return volatility and direction of price movements through their
use ol priors.

Unfortunately, the cquily premium is still estimated without much precision. Dastor and Stam-
baugh (2001), exploiting extra information lrom return volaiility and prices, narrow a lwo standard
deviation conlidence interval around the value of the ex ante equity premium to plus or minus
roughly 280 basis points around a mean premium estimate of roughly 1.8% (a range that spans 2%
to 7.6%) and determine that the data strongly support at least one break in the equity premium
in the last hall contury. Tama and Trench (2002}, based on data from 1951 o 2000, provide poeint
cstimates of the ex post equily premium ol 4.32% (based on carnings growth rate lundamentals)
plus or minus roughly 400 basis points {again, two standard deviations) and of 2.55% {based on
dividend growth rate fundamentals} plus or minus roughly 160 basis points: a range of approxi-
mately 0.95% to 1.15%. That is, the plausible range of equity premia that emerge from Fama and
I'reneh’s study occupy a confidence bound with a width of anywhere from 320 Lo 800 basis poinls.
Claus and Thomas (2001), like Tama and Trench (2002), make use of lundamental information Lo
form lower cstimales of Lthe ex posl cquily premium, butl their study covers a shorter time period
relative to the Fama and French study 141 vears versus 20 years  vielding point estimates that
are subject to at least as much variability as the Fama and French estimates.

Not only arc the point estimates [rom the existing literalure imprecisely cstimated in terms of
their standard crror, there is also less of an emerging consensus than one would hope. Fama and
French (2002) produce point estimales of 2.55% (uging dividend yiclds) and 4.78% (using carnings
vields), Pastor and Stambaugh {2001) estimate the equity premium at the end of the 1990s to
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be 4.8%, and Claus and Thomas (2001} cstimale the equity premium to be ne moere than 3%.
Welch (2000), surveving academic [inancial economists, estimates the consensus equity premium
to be between 6% and 7% (depending on the horizon}. Based on a survey of US CFOs, Graham
and llarvey (2003) estimate the ten-vear equity premium to be 3.66%. We believe that the lack
ol consensus across the lilerature is intimately tied to the imprecigion ol techniques typically used
Lo eslimate the equity premium, such as the simple average excess relturn. Thal is, the various
cslimates ¢ited above all fall within two standard crrors of the sample mean cstimale of the cquity
premium, based on US data. Further, the studies that provide these estimates do not explicitly
consider which models of the equity premium process can be rejected by actual data, though Pdastor
and Stambaugh’s analysis strongly supporis a model thal incorporates breaks in the equily premium
PTOCeSS.

The remainder of our paper proceeds as [ollows. The basic methodology of our simulation
approach to estimating equity premia is presented in Section 1, along with important details on
estimating the equity premium. (Appendices to the paper provide detailed explanations of the
technical agpects of our simulations, including calibration of key model parameters.} In Section 2 we
compare univariale financial statistics thal arisc in our simulations with US markel data, including
dividend yields, Sharpe ratios, and conditional moments including ARCH cocfficienis. Our results
conlirm that the simulations generate data broadly consistent with the US market data and, taken
one-at-a-time, these linancial statistics imply that the ex ante equity premium lies in a range much
narrower than between 2% and 8%. We determine how much narrower in Section 3 hy exploiting
the [ull power of the simulation methodology. We compare joint multivariate distributions ol our
simulated data with observed TS data, yielding a very precise estimate of the ex ante equity premium
and providing strong rejections of models of the cquily premium process thal (ail Lo incorporate
time variation, breaks, and/or trends. We [ind the range of ex ante equity premium values is very
narrow: 3.5% plus or minus 50 basis points. Our consideration of a broad collection of possible

dala gencrating processes and models lends confidence Lo the findings. Scction 4 concludes.



I Methodology

Consider a stock for which the price £, is set at the beginning of each period ¢ and which pavs a

dividend Dy 1 at the end of period £, The reiurn Lo holding this stock (denoted Ry) is defined as

_ Dy | Ty — T
2 )

Ry

The risk-lree raie, scl al the beginning of cach period, is denoted v, ;. The ex ante cquity
premium, . s defined as the difference between the expecled return on risky asscls, E { Ry}, and

the expected risk-free rate, [5 {ry ;11

=L — L) (1)

We do not observe this ex ante cquity premium. Empirically, we only observe the returns that
investors actually receive ex post, after they have purchased the stock and held it over some period
of time during which random economic shocks impact prices. Llence, the ex post equity premium
is typically estimated using historical equity returns and risk-free rates. Deline 17 as the average
historical annual return on the S&T 500 and 7, as the average historical return on US T-bills. Then
we can calculale the estimated ox post equity premium, i, as [ollows:

=T (2)

1>

i

Given that the world almost never unfolds exactly as onc expecls, there 18 no reason Lo belicve
that the stock return we estimate ex post is exactly the same as the return investors anticipated ex
ante. [t is therefore dillicult to argue that just because we observe a 6% ex post equity premium in
the US data, the premium that investors demand ex ante is also 6% and thus a puzzling challenge
Lo ceonomic theory. So we ask the ollowing question: Tlinvestors” true ex ante premium is 7, whal

is the probability thal the TIS cconomy could randomly produce an ex post premium ol at leasi

677 The answer Lo thig question has implications [or whether or not the 6% ox post premium

*See, for instance, Mehra and DPrescott (1985}, Equation {11}, We will consider time-varving equity preminm
meodels below,
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obscrved in Lthe US data is consistenl with various ex ante premium values, #, with which standard
economic: theory may be more compatible, We also ask a deeper question: 1f investors' true ex
ante premium is 7, what is the probability that we would observe the various combinations of key
[inancial statistics and vields that have been realized in the US, such as high Sharpe ratios and
low dividend yields, high return volalility and a high ex post cquily premium, and so on? The
analysis of multivariale distributions of these statistics allows us Lo narrow substantially the range
ol cquity premia consistent with the US markel data, cspecially relative Lo previous studics thal
have considered univariate distributions.

Because the empiricel joint distribution of the [inancial statistics we wish to consider is dillicult
or imposgible to cstimale accuralely, in particular the joint distribution condilional on various
cx ante cquily premium values, we use simulaltion techniques Lo estimale this distribution. The
simulated joint distribution allows us Lo conduct formal statistical tests thal a given ox ante cquily
premiumm could have produced the LS experience. Most of our models employ a time-varving ex
ante equity premium, so that a simulation described as having an ex ante equity premium of 2.75%
actually has a mean ex ante equity premium of 2.75%, while period-by-period the ex ante equity
premium can vary somewhal [rom this mean value. Tn what [ollows we reler Lo the ex anle equity

premium and the mean ex anle cquily premium inlerchangeably.
A Matching Moments

Consider the valuation of a stock. Deline 1 4 v, as the gross rate investors use to discount pavinents

received during period £ The price of the stock i then given by Equalion (3),

Dy PﬂH} (3)

P = Et {

LI e

where [ is the conditional expectations operator incorporating information available to the market

when #; is formed, up to but not including the beginning of period ¢ {i.¢., information from the end
of period # — 1 and earlier).

Assuming the usual transversalily conditions, we can derive Equation (4) by recursively substi-

tuting out for future prices in Equation (3):

=1



Delining the growth rate of dividends over the period t as ¢ = (D1 — D)}/ D, we can re-write

Equation (4) as

x /[ ;
Fe Delie g3 (U |- :% (5)

Lence we can re-write Lguation {1) as
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In the case of a constant equity premiurm 7 and a possibly time-varying risk-free interest rate we

can re-write LSquation (7} as
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Under interesting conditions, such as risk-lree rates and dividend growth rates that conditionally
time-vary and covary {we consgider, lor instance, ABRMA models and correlated errors for dividend
growth rates and interest rates), the individual conditional expectations in liquation (8) are ana-

Iytically intractable. The difference between the sample mean return and the sample mean risk-free



interest rate provides a consistent estimaie of o, ag shown by Mchra and Prescott {1985), bul un-
tortunately the sample mean difference is very imprecisely estimated, even based on more than 100
vears of data.

We note that another consistent estimator of 7 is one that directly exploits the method of
Donaldson and Kamstra (1996}, hercalter referred to as the DK method. The DK method uses
(ARMA) modcls [or dividend growth rates and interest rales to simulate the conditional expecta-
tions Fiy {Z}’iu ﬂf_nl;r:ﬁ} and Fypy {Zj‘_o ﬂf_ul;ifﬁ} The DK method allows us, for a
giver ex ante equity premium (or time-varving equity premium process), to simulate the conditional
expectations in Lquation (R) as well as related (unconditional) moments, including the expected
dividend yield, return volatilily, cx post equity premium, and Sharpe ratio. Our cstimate of 7 is
produced by finding the value of & thal minimizes the distance belween the collection of simulaled
moments (produced by the DK procedure) and the analogous sample moments (from the US ox-
perience over the last half century). The estimation of these expectations relies on the exact form
of the conditional models for dividend growth rates and interest rates, that is, the parameters that
characterize these models. A joint estimation of these models’ parameters and 7 (2.e. minimizing
the distance between simulated and sample moments by varying all the model’'s parameters and =
al once} would be computalionally very difficull. We utilize a two-step procedure in which firsi, for
A given ex ante equity premium, we jointly estimate the parameters that characterize the evolution
of dividend erowth rates and interest rates. We use these models to simulate data to compare with
realized S&P 300 data. Second, we do a grid search over values of the ex ante equity premium to
find our SMM cstimale of 7.

[ is helplul to consider some examples of cstimators based on our simulation technique. The

simplest cstimator would have ug considering only the ex ante equily premium momeni, # = E | Ry —
L5 [rs4], ignoring other potentially informative moments of the data, such as the dividend yield and
return volatility. Lixploiting the DK procedure, we would [ind that the 7 in liquation {8) which
malches the ex post cquity premium (the sample moment analoguce of Equation (8)} is the sample
cstimate ol the ex post cquity premium, roughly 6%. Thal is, in this simplest case, when we

minimize the distance belween the sample moment and the simulated moment and find that the

estimate of the ex ante equity premium is the ex post equity premium, we do so by construction. 1f
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the DK method is internally consistent, and il we are fitting only the ox post equily premium sample
moment, then the difference must be zero at the value of # equal to the ex post equity premium.
This DK estimator of 7, considering only one moment of the data, would offer no advantage over the
ex post equity premium, which is the traditional estimate of the ex ante equity premium. Adding
a sccond moment Lo our estimation procedure, say the dividend yield, and minimizing the distance
between Lhe simulated and sample moments [or the ox post equity premium and the dividend yield
Joindly, would likely lead Lo a somewhat dillerent ex anle equily premium cstimate. Furthermore,
the estimate would be more precisely estimated (i.e., with a smaller standard error} since two
moments are exploited to estimate the ex ante equity premium, not just one moment, at least if the
extra moment of the data provided some unique information aboul the value of the parameler .
The DK method provides simulated dividend yviclds, ex post equily premia, and any other
stalistic that is derivalive Lo returns and prices, such as return volatility, resulting in a broad
collection of simulated moments with which to compare moments of the actual IS data in order
to derive an estimator. The large collection of available moments makes it likely that our analvsis
an provide a tighter bound on the value of the ex ante equity premium than has been achieved

previously.
B The Simulation

To eslimale Lhe joint distribution of the finandial quantities of interest, we consider models calibrated
to the US ceonomy. (We calibrate Lo TS data over 1952 through 2004, with the starting year of
1952 motivaled by the TS Federal Reserve Board's adoption of a modern monctary policy regime
in 1951.) We provide specilic details on the nature of the models we consider and how we conduct
our sirnulations in Appendices | and 2. Our entire procedure can he generally summarized in the
tollowing [ive steps:

Step 1: Specify assumptions about the ex ante equity premium demanded by investors.
Is the premium constant or Lime-varying? Il constant, what value doces it take? T time-varying, how
does the value change over time? Are there any structural breaks in the equity premium process
over time? Pdstor and Starbaugh (2001), among others, provide evidence that the equity premium

hag been trending downward over the sample period we study, [inding a modest downward trend of
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roughly 0.80%7% in lotal since the carly 1950s. Pdstor and Stambaugh (2001) also find fairly strong
support for there having been a structural break over the 1990s which led to a 0.3% drop in the
equity premiumn.®

Once the process driving the ex ante equity premiurm is delined, we can specify the discount rate
(which cquals the risk-ree rate plus the equily premium) that an investor would rationally apply
Lo a lorccasted dividend stream in order Lo calculale the present value of a dividend-paying stock.
Nole that il the cquily premium varies over time, then the models gencrated in the next step arc
alibrated to mimic the degree of covariation between interest rates, dividend growth rates, and
equity premia observed in the US data.

Step 2: Estimate econometric models [or Lthe time-serics processes driving aclual dividends
and interest rales in the U1 economy, allowing for autocorrelation and covariation as observed in
the US data. These models will later be used to Monte-Carlo simulale a variely ol poleniial paths
for US dividends and interest rates. The simulated dividend and interest rate paths are of course
different in each of these simulated economies because different sequences of random innovations are
applied to the common stochastic processes in each case. llowever, the key drivers of the simulated
ceonomics themscelves are all still identical to those of the TS cconomy since all cconomics share
common stochastic processes filted to US dala.

Some of the models we consider assume that all cashflows received by investors come in the
form of dividends (the standard assumption}. Another set of models we consider embed higher
wshflows and cashflow growth rates than observed in the US S&P 300 dividend data, to account
for the obscervation of Bagwell and Shoven (1989}, Tama and French (2002), and others, that divi-
dends under-report total cashllows Lo sharcholders. As reported by these authors, firms have been
increasingly distributing cash to sharcholders via share repurchases instead of via dividends, a phe-
nomenon comronly known as disappearing dividends, a practice adopted widely beginning in the
late 1970s. Fama and French [ind evidence that the disappearance of dividends is in part due to an

increase in the infllow of new listing Lo US stock exchanges, representing mostly young companics

A Talling equily promium is thought Lo come rom several sourees, including the declining cost of diversilyving
Lhrough motual Iands over the last hall cenlary, the infeasibility before the advend of mulual fonds o hoeld Tully
diversified portfolios (hence higher returns required by investors to hold relatively undiversified positions), and the
broader pool of investors now participating in equity ownership, sharing in the market risk and presumably lowering
the required rate of return to risky assets. See Siegel (1909} and Diamond {2000).
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with the characteristics of firms thal would not be expected Lo pay dividends, and in part duc to a
decline in the propensity of lirms to pay dividends.

Thus, for some models in our simulations, we adopt higher cashflows than would be indicated by
considering US dividend data alone. On a broad set of data, Grullon and Michaely (2002) [ind that
total payouls o sharcholders have remained fairly flat, not growing over the period we consider.
To the extent that this is truc of the S&T 300 data, the models we consider with upward-trending
dividend growth are overly aggressive, bul as we show below, the higher dividend growth rate only
widens the range of plausible ex ante equity premia, meaning our estirnate of the precision of our
approach is conservative,

Step 3: Allow for the possibility of estimation error in Lthe paramcler valucs [or the
dividend growth rate, interest rale, and cquity promium time-gerics models. Thal is, incorporate
into Lthe simulations uncertainty about the true parameter values. This allows for some models with
more autocorrelation in the dividend growth, interest rate, and equity premium series, some with
less, some with more correlation between the processes, some with less, some with a higher variance
or mean of dividend growth and interest rates, some with less, and so on. This uncertainty is
measured using Lthe cstimated covariance of the parameter estimates [rom our models generated in
Steps 1and 2, and the procedure to randomly sclect parameters rom the cstimatoed joint distribution
of the parameters is detailed in Appendix 1. We also account for investor uncertainty about the
true fundamental processes underlving prices and returns by performing tests insensitive to this
uncertainty and its impact on prices and returns, as we describe below.

[uriher details aboul Steps 1 through 3 are contained in Appendix 1. Belore continuing with
summarizing Steps 4 and 5 of our methodology, it is worth identilying some models that emerge
[rom various combinations of the assumplions embedded in Steps 1 through 3. The key models we
consider in this paper are shown in Table 1. The lirst column of Table | indicates numbering that
we assign to the models. The second column specilies the time-series process used to generate the
interest. rale and dividend growth rate scrics, corresponding to Step 2. The next three columns
relate Lo Step 1 above, indicating whether or nol the ex ante equily premium process incorporaloes
a downward trend over time (and il so, how much the mean ex ante equity premium in 1952 dillers
from the value in 2001), whether or not there is a structural break (consisting of a 50 basis point
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drop} in the equily premium consistent with the findings of Péastor and Stambaugh {2001}, and
whether or not there is a break in the dividend erowth rate process, consistent with the Bagwell
arid Shoven {1989} and Fama and French (2002} [inding of an increase in share repurchases from
the late 1970s onward.® The last column corresponds to Step 3, showing which models incorporate
uncertainty in generating parameiers. We congider a sclection of 12 representative models, ranging
from a simple model with no breaks or trends in the equity premium process (Model 1} 1o very
complex models.”  Fach model is fully explored in the sections that lollow. We now conlinue

describing the two [inal steps of our basic methodology.
Table I goes about here.

Step 4: Calculate the fundamental stock returns (and hence ex post equity premia)
thal arisc in cach simulated cconomy, using a discounted-dividend-growth-rate model and based on
assumptions about the ex ante equity premium from Step 1, the dividend growth rate and interest
rate processes specilied in Step 2, and the possible parameter uncertainty specilied in Step 3. The
model is rolled out to produce 53 annual observations of returns, prices, dividends, interest rates,
and so on, mimicking the 53 years of annual U5 dala available to us for comparison. Keep in mind
the fact that the assumptions made in Steps 1 through 3 are the same for all simulaled ceconomics
in a given experiment. That is, all cconomics in a given experiment have the same ex ante equity
premium model {for instance a constant ex ante equity premium, or perhaps an ex ante equity
premiurm that time-varies between a starting and ending value)} and vet all economies in the set of
simulations have dillerent ox post equily premia. Given the returns and ox post cquily premia for
cach cconomy, as well as the means of the interest rates and dividend growth rates produced for cach

ceonomy, we arc able Lo calculale various other important characterisiics, including return volatility,

“In each case where we consider model specifications intended to capture real-world features like breaks and trends
in rates and premia, we adopt parameterizations that bias our results to be more conservative (z.e. to prodice a
wider confidence interval for the ex ante equity preminm). This allows 15 to avoid over-stating the gaing in precision
possible with our technique. For example, while Iastor and Stambaugh {2001) find evidence that there was a break
in the equity preminm process across several years in the 1990s, we concentrale the entire break into one year (1990).
Allowing Lhe hreak Lo be spread across several vears wonld lead 1o a narrower hound on the ox ante equity premium
Lhan we find. See Appendix 1 for more details.

“l'or the sake of brevily, the Gordon (1962) constant dividend growih model is excluded from the sot of models
woe explore in Lhis paper. We did analyze the Gordorn model and Tound iv Lo perform very poorly. The model ilsell is
rejected at every value of the ex ante equity premium, even more strongly than any other simple model considered
in this paper is rejected.



dividend yiclds, and Sharpe ratios. There is nothing in our experimental design Lo exclude (rational)
market crashes and dramatic price reversals. Indeed our simulations do produce such movements
on occasion. The details of Step 1 are provided in Appendix 2.

Step 5: Examine the distributions of variables of interest, including ex post equity
premia, Sharpe ratios, dividend yiclds, and regression coefficients (from estimating AR{1} and
ARCH models for returns) that arise conditional on various mean values and various time-serics
characteristics ol the ox anle equily premia. Comparing the performance of the US ceonomy with
arions univariate and multivariate distributions of these quantities and conducting joint hypothesis
tests allows us to determine a narrow range of equity premia consistent with the US market data.
That is, only a small range of mean ex anie cquily premia and time-varying cquily premium models
could have yiclded the outcome of the past hall century of high mean reiurn and return standard
deviation, low dividend yicld, high ex post cquity premium, efe.

A large literature makes use of similar techniques in many asset pricing applications, directly
or indirectly simnulating stock prices and dividends under various assumptions to investigate price
and dividend hehavior.® [lowever, these studies typically emplov restrictions on the dividend and
discount rale processes in order to oblain prices from some variant of the Gordon (1962} model
and /or somc log-lincar approximaling [ramcwork. Tor instance, the present value {(price, defined
as £y} of an inlinite stream of expected discounted future dividends can be simplilied under the

Gordon model as

Fo="1n/(r—g), (9)

where 7))y s the coming dividend, r is the constant discount rate, and g is the constant dividend
growth rate. That is, by assuming constant r and ¢, one can analvtically solve for the price. If,
however, discount rates or dividend growth rates are in fact conditionally time-varyving, then the
inlinite stream of expected discounted future dividends in Fquation (5) cannot be simplilied into
Equation (9}, and it is difficult or impossible Lo solve prices analytically withoul imposing other

simplilying assumptions.

"See, for example, Scott {1985), Kleidon (1986), West (1988a,b), Campbell {1991), Gregory and Smith {1991},
Mankiw, Romer, and Shapiro {1991, Hodrick {1992), Timmermann {1993, 1995}, and Campbell and Shiller {1998).
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Ralther than cmploy approximalions o solve our price calculations analytically, we instead
simulate the dividend growth and discount rate processes directly, and evaluate the expectation
through Monte Carlo integration techniques, adopting the DK method.® In the setting of time-
arving dividend growth rates and interest rates which conditionally covary, this technique allows
us Lo evaluale prices, returns, and other financial quantitics withoul approximation crror.’® We
also take cxira carc Lo calibrale our models Lo Lthe Lime-serics properiics ol aclual market dala.
For cxample, annual dividend growth ig strongly aulocorrclated in the S&D 300 slock markel
data, counter to the assumption of a logarithmic random walk for dividends sometimes employed
for tractability in other applications. Furthermore, interest rates are autocorrelated and cross-
corrclaled with dividend growih rates. Thus we incorporate these propertics in our 12 models
(shown in Table T}, which we use to produce our simulated dividend growth rales, interesi rates,
and, ultimately, our estimale of the ex anlte cquity premium.

We estimated each of the 12 models over a grid of discrete values of the ex ante equity premium,
with the grid as [ine as an eighth of a percent in the vicinity of a 3.3% equitv premium, and no
coarser than 100 basis points for equity premium values exceeding 5%. The entire exercise was
conducied using distributed computing across a grid of 30 high-end, modern-gencraiion compulers
over the course of a month. On a modern stand-alone computer, cstimation of a single model lor a
single assumed value of the ex ante equity premium would take roughly one week to estimate {and,

as stated above, we consider many values of the ex ante equity premium for each of our models).

II Univariate Conditional Distributions For Model 1

All of the resulis in Lhis scolion of the paper are based on Modcl 1, ag defined in Table T. Model 1
incorporates intercst rales that follow an AR{1) process and dividend growth rates that lollow a
MA(1) process. The ex ante equily premium in Model 1 [ollows an AR(1) process (Lthal emerges
from Merton's (1980} conditional CAPM, as detailed in Appendix 1}, with no trends or breaks

in either the equity premium process or dividend growth rate process. We start with this “plain

The Dondaldson and Kamstra (1996) method nesis other findamental dividend-discounting valuation methods
as special cases. Lor instance, in a Gordon (1962) world of constant dividend growth rales and interest rales, the
DK mothod prodoces the Gordon model price, albeil through normerical integration rather Chan analytically,

2 here is still Morte Carle simulation orror, bul that is random, unlike most Lypes of approximalion crror, and
il can also be measured explicitly and controlled Lo be very small, which we do, as explained in Appendix 2,
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vanilla” model because it provides a good illusiration of how well dividend-discounting models that
incorporate time-varying autocorrelated dividend growth and discount rate processes can produce
prices ard returns that [it the experience of the last half century in the US. This model also
provides a good starting point to contrast with models employing breaks and trends in equity
premium and dividend growih processes. We consider more complex and arguably more realistic
models incorporating trends and breaks later in the paper.

[t is well known that the ex anle cquily promium is estimaled with crror. Sce, for inslance,
Merton {1980), Gregory and Smith (1991}, and Fama and French (1997}, Any particular realization
of the equity premium is drawn from a distribution, implying that given key information about the
distribution {such as its mean and standard devialion), one can construct a confidence interval of
statistically similar values and determine whether a particular estimale is oulside the confidence
interval.  As mentioned above, an implicalion of Lhis estimalion error is Lhat most studics have
produced imprecise estimates of the mean equity premium. For instance, a typical study might

I Studies

vield an R00 hasis point 93% conlidence interval around the ex ante equity premiur.
including Fama and French {2002) have introduced innovations that make it possible to narrow the
range. One of our goals is Lo [urther sharpen the eslimale of the mean ox anle cquily premium.

We first consider whal we can learn by looking at the univariate statistics that emerge [rom our
simulations. We can use the univariate distributions to place loose hounds on plausible values of
the mean ex ante equity premiur. While the analvsis in this section based on univariate empirical
distributions is somewhat casual, in Section 111 we conduct formal analvsis based on v? statistics
and the joint distributions of the data, yielding very tight bounds on plausible values of the mean ox
ante equity premium and identilying plausible modcels of the equily premium process, representing
our main contributions.

Consider the following: conditional on a particular value of the ex ante equity premium, how
unusual is an observed realization of the ex post equity premium? Ilow unusual 1s an observed
realization of the mean dividend yield? Fach simulated cconomy produces a sel ol financial statis-

tics hased on the simulated annual lime-scerics observalions, and these financial statistics can be

"'"This particular range is based on the simple difference between mean realized equity returns and the average
riskfree rate based on the last 130 vears of data, as summarized in Table I of Fama and French (2002},
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compared and contrasted with the US experience of the last hall century. By considering not.
only the mean of a [inancial statistic across simulated economies, such as the mean ex post equity
premium, but also conditional moments and higher moments including the standard deviation of
excess returns produced in our simulations, we can determine with high relinement the ability of
our simlated data to match characteristics of the US cconomy. For instance, market relurns, 1o be
discussed below, are volatile. Thus it is interesting Lo examine the degree Lo which our simulations
arc able Lo produce volatile returns and Lo look at the distribulion of return variance as we vary
the mean ex ante equity premium in our simulated econories.

We can compare any l[inancial statistic from the last half century to our simulated economies
provided Lhe stalistic is based on returns or dividends or prices, as these are data that the gimulation
produces. We could also congider moments based on intercst rates or dividend growth rates, bul
since we calibrale our models to interest rates and dividend growth rates, all our sirmulations should
(and do) [it these moments well by construction. We choose moments based on two considerations.
First, the moments should be familiar and the signilicance of the moments to economic theory
should be obvious. Second, the moments should be precisely estimated; if the moments are too
“noisy,” they will not help us narrow the range of cx anie cquily premia. For instance, return
skew and kurlosis are very imprecisely estimated with even 50 years of data, so that these momenis
are largely uninformative. The moments must also be well-delined:; moments must be [linite, for
instance. The expected value of the price of equity is undelined, but we can use prices in concert
with a cointegrated variable like lagged price (to form returns} or dividends {to form dividend
vields).

Rather than presenting copious volumes of tabled results, we summarize the simulation results
wilh concise plois of probability distributions of the simulaied data [or various interesting financial
statistics. This permits us to determine if a particular ex ante equity premium produces [inancial
statistics similar to what has been seen over the last half century in the US.

[igure 1 contains [our pancls, and in cach pancl we present. the probability distribution function
for onc ol various financial statistics (ex post cquity premia, dividend yicld, Sharpe ratio, and
return volatility} based on cach of lour different ex ante equily premium setiings. We also indicate
the realized value for the actual US data. Comparison of the simulated distribution with realized
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values in these plots permits a very quick, il casual, first asscssment of how well the realized TS dala
agree with the simulated data, and which assumed values of the ex ante equity premium appear
inconsistent with the experience of the last half century of US data.

Panels A through D of Figure 1 contain probability distribution functions (PDFs} corresponding
Lo Lthe mean ex post cquity premium, the mean dividend yicld, the Sharpe ratio, and return volatility
respeclively, based on assumed mean ex ante equily premia of 2.75%, 3.75%., 5%, and 8%. Tor the
sake of clarity, the dotied lines depicting the PDFg in Tigure 1 are thinnest for the 2.75% casc
and become progressively thicker for the 3.75%, 5%, and 8% cases. The actual US realized data is
denoted in each panel with a solid vertical line,

The actual US mean equily premium, displayed in Pancl A, ig [urthest in the right tail of the
distribution corrcsponding to a 2.75% ox anle cquily premium, and furthest in the lell tail for the
ex ante premium of 8%. The wide range of the distribution of the mean ¢x post equily premia
tor each assumed value of the ex ante equity premium is consistent with the experience of the last
half century n the US, in which the mean ex post equity premium has a 95% conlidence interval
gpanning plus or minus roughly 1% or 5%. The actual dividend yield of 3.1%, displayed in Panel 13,
is unusually low [or the 3% and 8% ox anle equily premium cases, but it is near the center of the
distribution for the ex ante premium values of 2.75% and 3.75%. In Pancl C, only the Sharpe ratios
generated with an ex ante equity premium of 8% appear inconsistent with the US experience of the
lagt half century. The return volatility, displayved in Panel D, clearly indicates that the experience
of the US over the last half century is somewhat unusual for all ex ante equity premia considered,
though least unusual for the lowest ex ante cquity premium.  Casual obscrvalion, based on only
the evidenee in these univariate plots, implics thal the ex anle cquity premium which could have
generaled the actual high ex post cquily premium and low dividend yiceld of the last hall century

of the US experience likely lies above 2.73% and below 5%.
Figure 1 goes about here.

We constructed gimilar plots for the mean return and lor conditional moments, including the
return first order autocorrelation cocfficient estimale (the OLS parameter cstimate (rom regressing

returng on lagged returng and a constant, i.c.. the AR(1) cocfficient), the return first order au-
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toregressive conditional heleroskedasticily cocefficient. cstimate (the OLS parameler estimale rom
regressing squared residuals on lagged squared residuals and a constant, i.e., the ARCII{1} co-
ellicient}, and the price-dividend ratio’s lirst order autocorrelation coellicient estimate {the OLS
parameter estimate from regressing the price-dividend ratio on the lagged price-dividend ratio and
a constant}. The mean return distributions arc gimilar Lo the ex post equity premium distributions
shown in Figure 1, and all choices of the ex anle cquity premium produce returng and price-dividend
ratios that have conditional lime-series propertics malching the TS data, so these results are not
presented here.

Figure 1 has two central implications of interest to us. First, the [inancial variable statistics
produced in our simulations arc broadly consistent with whalt has been observed in the TS cconomy
over Lhe past five decades. Most simulated statistics mateh the magnitudes of financial quantitics

12

from the actual US data, cven though we do not calibrale Lo prices or returns.’® Sccond, the

results suggest that the 2.75% through 8% interval we present here likely containsg the ex ante
equity premium congistent with the US economy. Univariate results for Models 2 through 10 are
qualitatively very similar to those presented for Model 1. Univariate results for Models 11 and 12,
in contrasl, arc grossly rejected by the experience of the TS cconomy. Detailed univariale results
for Models 2 through 12 arc omitted for the sake of brevity, but the poor performance of Models 11
and 12 will be evident in multivariate results reported helow.

To narrow further the range of plausible ex ante equity premium values, we need to exploit the
tull power of our simulation procedure by considering the joint distributions of statistics that arise
in our simulations and comparing them to empirical momenis of the observed data. We consider
the multivariate distributions of several moments of the data, including ox posl cquily premia,
dividend yiclds, and return volatility. This excrcise allows [or inference that is not [easible with the
univariate analyvsis conducted above, and it leads to a very precise estimate of the ex ante equity
premium. We turn to this task in the next section, where we also broaden the class of models we

consider.

2 hig in ilsell is noteworthy, as analylically tractable models, such as Lthe Gordon (1962) growih model, typically
imiply constant or near-constant dividend vields and very livtle returm voladility, In contrasi, dividend yields observed
in praclice vary considerably over time and are strongly antocorrelated, and relarns exhibil congiderable volalilivy,

19



I1IT Model Extensions, Multivariate Analysis, and Tests

The central focus in this section is on joind distributions of the [inancial statistics that emerge
[rom our simulations: combinations of the relurns, ex post cquity premia, Sharpe ratios, dividend
vields, ele., and tests on the value of Lthe ex ante equily premiwm using these joint distributions. We
focus primarily on three moments of the data: the mean ox post equily premium, the excess return
volatility, and the mean dividend yield. These three moments have the advantage of being the
most precisely estimated and hence most informative for the value of the ex ante equity premiun
Other moments thal we could have considered are cither largely redundant {(such as the Sharpe
Ralio which is a direct [unclion ol excess returnsg and the excess relurn standard deviation), or
arc so impreciscly estimaled (for example, the ARCH(1} or AR(1} cocfficients} that they would
not help sharpen our estimates of the ex ante equity premium. Of course, we also do not consider
the distributions of [inancial variables to which we calibrate our simulations {interest rates and
dividend growth rates), as the simulated mean, variance, and covariance of these variables are, by
congtruclion, identical Lo the corresponding moments of Lthe actual data Lo which we calibrale.

Our purposc in considering joint distributions is two-lold. First, multivariate tesls are used Lo
form a light confidence bound on the true value of the ex ante equity premium. These Lests sirongly
reject our models if the ex ante equity premium is outside of a narrow range around 3.5%. This
range is not sensitive to even fairly substantial changes in the model specilication, which suggests
that the 3.5% finding is robust. Sccond, this analysis leads us to reject model specifications thal
[ail Lo incorporale certain [ealures, such as trends and breaks in the cquity promium. Interestingly,
cven when a model specificalion is rejected, we find the most plausible ox ante equily premium still
lies in the same range as the rest of our models, verv near 3.5%.

Up to this poeint we have considered detailed results for Model 1 exclusively. The Model 1 sim-
ulation incorporates some appealing basic features, such as parameter uncertainty and calibrated
time-serics models for equity premia, interest rates, and dividend growth rates. Tt does nol., how-
cver, incorporale some [catures of the cquity premium process that have been indicated by other
researchers. One omitted feature is a gradual downward trend in the equity premium, as docu-

mented in many studies, including Jagannathan, McGrattan, and Scherbina (2000), Pastor and



Stambaugh (2001}, Bangsal and Lundblad (2002), and Fama and Trench (2002). Another is a strue-
tural break in the equity premiurm process over the early 1990s, as shown by Pastor and Stambaugh
(2001}. An increase in the growth rate of cashflows (but not dividends) to investors starting in
the late 1970s, as documented by Bagwell and Shoven (1989}, Fama and French (2001} and others,
ig also a leature that Model 1 [ails Lo incorporale. Therelore, in Lhis scclion we consider modcels
which incorporale one, Lwo, or all three of these leatures, as well ag dillerent. time-gerics models lor
interest rates and cquity premia. We also consider stripped-down models Lo assess the marginal
contribution of model features such as parameter uncertainty and the specilication of the time-series
process used to model dividend growth rates and interest rates.

In Tigurcs 2 through 8 (to be fully discussed below), we present. % Lest stalistics for the null
hypothesis Lthat the US experience during 1952 through 2004 could have been a random draw [rom
the simulated distribution of the mean ox post cquity premium, the excess return volatility, and
the mean dividend vield.!

A signilicant test statistic, in this context, suggests that the combination of [inancial statistics
observed for the US economy is signilicantly unusual compared to the collection of sirnulated data,
leading us o reject. the null hypothesis that the given model and assumed ox ante equity premium
value could have gencrated the US data of the last hall century. Tt is possible Lo rejoct every ox anie
equity premium value if we use models of the equity premium that are misspecilied {the rejection
of the null hypothesis can be interpreted as a rejection of the model). It is also possible that a very
wide range of ex ante equity premium values are not rejected for a collection of models, thwarting
our cllorts Lo provide a precise cstimate of the ex ante equity premium or a small range of allowable
cquily premium models.

As il happens, modcls thal ignore breaks and trends in the equily premium are rejecled [or

3The x? tests are based on joint normality of sample estimates of moments of the simulated data, which follow
an asymptotic normal distribution based on a law of large numbers (see White, 1934, for details). In the case of the
excess return volatility, we congider the cube voot of the return variance, which is approximately normally distributed
(sce page 399 of Kendall and Stoart, 1977, for further details]. We also estimate the probability of rejection using
boolstrapped p-values, Lo guard against deviations from normality,  These boolstrapped values are gualitalively
identical Lo the asymplolic distribotion p-values. Finally, when perlforming tests Lhal inelude the dividend yield
micmicnt, il Lhe simulation inclodes a break in dividends corresponding 1o an inercase in cash payonts starting in
1978 in the US data (again, see Fama and French, 2001), we also adjust the US data o refllect the inerease in mean
payout levels, This makes for a small difference in the mean US pavout ratio and no qualitative change to our results
if ignored.



virtually every value of the ex ante cquity premium we consider. Bul [or a group of sophisticaled
models that incorporate trends and breaks in the equity premium, we cannot reject a narrow range
of ex ante equity premia, roughly between 3% and 1%. We also [ind that models tend to be rejected
if the impact on cashflows to shareholders from share repurchases are ignored. We begin with
some simple models, then consider models that are arguably more realistic as they incorporate
cquity premium and cashllow trends and breaks, and finish by considering a host of related issues,
including the impact of parameler cstimation error and, separalely, inveslor uncertainty aboul the

fundamental value of equities.
A Simple (One-at-a-Time) Model Extensions

We now consider extensions to Model 1, each extension adding a single feature to the hase model.
Recall that the features of each model are summarized in Table [ For Model 2, an 80 basis point
downward trend is incorporated in the equity premium process. For Model 3, a 50 basis point drop
in year 39 of the simulation (corresponding o 1990 [or the S&T 500 dala) is incorporated in the
cquity premium process. For Model 4, the dividend growth rale process is shilied gradually upward
a total of 100 basiz peints, slarting in year 27 of the simulation {corrcsponding o 1978 for the
S&P 300 data) and continuing for 20 vears at a rate of 5 basis points per vear. These one-at-a-
time feature additions help us evaluate if one or another feature documented in the literature can
markedly improve model performance over the simple base model.

Pancl A of Figure 2 and Pancl A of TFigure 3 display plots of the value of joint x? iesls on three
moments of the data, the mean ox post equily premium, the excess relurn volatility, and the mean
dividend vield, for Models 1 though 4, and shows how the test statistic varies as the ex ante equity
premium varies from 2.25% to 8% in increments as small as an eighth of a percent toward the lower
e of that range. Panels BB through D of Figures 2 and 3 display the univariate Student t-test
statistics [or cach ol these three moments of Lthe data, again showing how the lest slalistic varics
with the assumed value of the ex ante cquity premium. The values of the ox ante cquily promia
indicated on the horizontal axis represent the ending values of the ex ante equity premium in each
set of simulations. For models which incorporate a downward trend or a structural break in the

equity premiur, the ending value of the ex ante equity premium differs from the starting value.



Sa, for instance, Model 2 has a starting ox anle equity premium that is 80 basis poinis higher than
that displayed in Figure 2, as Model 2 has an 80 basis point trend downward in the ex ante equity
premium. For Model 1 the value of the ex ante equity premium is the same at the end of the
3-yvear simulation period as it is at the stert of the 33-vear period, as Model 1 does not incorporate
a downward trend or structural break in the cquity premium process. Critical values of the Lesi
stalistics corresponding Lo statistical significance al the 10%, 5%, and 1% levels are indicated by
thin dotted horizontal lines in cach pancl, with the lowest line indicaling significance at the 10%

level and the highest line the 1% signilicance level.
Figures 2 and 3 go about here.

Consider now specifically Pancl A of Tigures 2 and 3. (Nole that we use a log scale for the
vertical axig of the plois in Panel A of Tigures 2 through & for ¢larity of presentalion. Note ag well
that we postpone further discussion of Panels B through D until after we have introduced results
for all the models, 1 through 12.} On the basis of Panel A of Figures 2 and 3, we see that only
in the case of Model 1 do we ohserve y? test statistics lower than the cutoff value implied by a
10%, significance level (again, indicaled by the lowest horizontal dotied line in the plot). The test
statistics dip (barely} below the 10% cutoll line only [or values of the ex ante equily premium within
aboul 25 basis pointg ol 47%. Modcls 1-3, in contrast, arc rejected at the 10% level for cvery ox
ante equity premium value. 1f we allow fairly substantial departures of the S&P 500 data from the
expected distribution, say test statistics that are unusual at the 1% level of signilicance (the upper
horizontal dotted line in the plot), then all the models indicate ranges of equily premia thal are
not rejected, in cach case centered roughly between 3.5% and 4%. Recall that the equity premium
plotled is the ending value, so il the modcl has a downward trend or decline because of a break in
the equity premiumi, its ending value is below its average ex ante equity premiurm.

One conclusion to draw from the relative performance of these four competing models is that
each additional feature over the hase model, the dividend growth acceleration in the late 1970s and
the trends and breaks in the equily premium, lead Lo belter performance relative Lo the base model,
but cach in isolation is still inadequate. The model most casily rejected is clearly that which doces

nol. account for trends and breaks in the equily premium and cashllow processes.



B Further Model Extensions (Two or More at a Time)

We turn now Lo joinl tests based on Models 5 though 10, These models incorporate the basic
features of Model 1, including time-varving and dependent dividend growth and interest rates,
parameter uncertainty, and, with the exception of Model 10, an equity premium process derived
from the Merton (1980) conditional CAPM (detailed in Appendix 1), These models also permit
trends andfor breaks in the equily premium and dividend growth raie processes two or more at-
a-Lime and incorporate allernalive time-series models for Lthe inlerest rate and the cquity premium
processes. Models 1 through 4 demonstrate that it is not sullicient to model the equity premium
ag an autoregressive time-varving process, and that one-at-a-time augmentation with trends or
breaks in the equity premium process is also not sullicient, though the angmentations do lead to
improvements over Lhe base model in our ability Lo maleh sample moments rom the US experience

5 through 10 allow us to cxplore questions like: do we need a

ol the last hall century. Modcls
conditionally time-varving equity premium model built on the Merton conditional CAPM model,
or 18 it sullicient to have an equity premium that simply trends downward with a break? If we have
a break, a trend, and time-variation in the equity premium process, 1s it still essential to account for
the disappearing dividends of the last 25 years? Arc our results sensitive Lo the time-serics model
specifications we employ in our base model?

Madel 518 the base model, Model 1, augmented (o include an 50 basis point. gradual downward
trend in the equity premium and a 100 basis point gradual upward trend in the dividend growth
rate. Model 6 is the base model adjusted to incorporate a 30 basis point gradual downward trend
in the cquity premium, a 50 basgis point abrupt decline in the equily premium, and a 100 basis
point gradual upward trend in the dividend growth raic. Model 7 is the best model as indicated
by the Bayesian Information Criterion (BIC),™ augmenting the equily premium process with a 30
basis point gradual downward trend and a 30 basis point abrupt decline and adding a 100 basis

point gradual upward trend in the dividend growth rate. Model 8 takes the second-best B1C model

Mlor Models 7 and & we omploy the BIC Lo seleet the order of the ARMA model driving cach of the interest rate,
cquity preminm, and dividend growlh rale processes. The order of cach AR process and cach MA process [or cach
series is chosen over a (0, 1, 2) grid. The BIC has been shown by Hannan (1980] Lo provide consistent estimadion of
Lthe order of lincar ARMA models. We employ the BIC instead ol allernalive erileria because it delivers relalively
pargirmonions specifications and beeanse it is widely used in Lhe literature (e.g., Nelson, 1991, uses the BIC Lo selecl

EGARCH models).



and incorporales a 30 basis poinl gradual downward trend in the equily premium, a b0 basis point
abrupt decline in the equity premium, and a 100 basis point gradual upward trend in the dividend
growth rate. Model 9 is the base model adjusted to incorporate a 30 hasis point gradual downward
trend in the equity premium and a 50 basis point abrupt decline in the equity premium. Model 10
hag the cquity premium model lollowing a determinisiic downward (rend with a 50 basis poinl
structural break, intereat rates lollowing an AR(1), and dividend growth rates lollowing an MA(T).

Given Lhe existing evidence in support of a gradual downward trend in the equity premium, a
structural break in the equity premium process over the early 1990s, and an increase in the growth
rate of non-dividend cashflows to investors (such as share repurchases) starting in the late 1970s,
we beliove Models 6, 7, and 8 1o be the best calibrated and therelore perhaps the most plausible
among all the models we consider, and Model 5 Lo be a close allernative.

In Pancl A of Tigures 4, 5, and 6 we present plots of the x? Lest slatislics on three moments
of the data, the mean ex post equity premium, the excess return volatility, and the mean dividend
vield. Again, we consider Panels BB through D later. We see in Panel A of Figures 1 and 5 that
for Models 3 through 8 we cannot reject a range of ex ante equity premium values at the 5%
level. These models produce test statistics thal drop well below even the 10% eritical value (recall
that Pancl A's scale is logarithmic, and thus compressed). These modcls all embed the inereased
ashflow feature and either an eighty basis point downward trend in the equity premium, or both a
break and a trend in the equity premium, adding to an eighty basis point decline over the last half
century. The range of ex ante equity premia supported {(not rejected) is narrowest for Model 7 (the
best model indicated by BIC) and Model 8 {the second best model indicated by BIC) with a range
legs than 75 bagis points al the 10% level. The range is slightly wider for Models 5 and 6, roughly
75 Lo 100 bagis points. In cach case, the ex ante cquity premium thal yvields the minimuam joint test
statistic, corresponding to our estimate of m, Is centered hetween 3.25% and 3.75%.

For the models which exclude the cashflow increase, Models 9 and 10, displaved in Figure 6, we
see thal we can reject at the 10% level all ex ante equity premium valucs. Model 9 18 best compared
Lo Model 6, as il is equivalent to Model 6 with the sole dillerence of excluding the caghllow inereasc.
We see [rom Pancl A of Tigures 4 and 6 thal exeluding the cashfllow inercase [lattens the trough of
the plot of y? statistics, and approximately doubles the test statistic value, from a little over 3 for
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Modcl 6 in Figure 4 to a little over 6 for Model 9 in Figure 6 (recall thal the scale is compressed in
Panel A as we use a log scale). Model 10 is identical to Model 9 apart from the sole difference that
Model 10 excludes the Merton CAPM conditionally-varying equity premiurm process. Lixclusion of
this conditional time variation (modeled as a [irst order autoregressive process) worsens the ability
ol the model to maleh moments Lo the US experience al every value of the ex ante equily premium.
The dillerence in performance leads us to reject a model exceluding a conditionally-varying cquity

premium.
Figures 4, 5, and 6 go about here.

On the basis of our most plausible models, Models 6, 7, and ¥, we can conservatively conclude
that the ex ante equily premium is within 50 basis points of 3.5%. We can also conelude that
models that allow [or breaks and/or trends in the equily premium process are the only models that
are 1ot rejected by the data. Simple equity premium processes, those that rule out any one of a
downward break and/or trend or a Merton {1980} CAPM conditionally-varyving equity premium
process, cannot easily account for the ohserved low dividend vields, high returns, and high return
volatility. Tgnoring the impact of share repurchases on cashllows Lo invesiors over the last 25 years
also compromises our abilily Lo maleh the experience of US prices and returns of the last hall

cenlury.

C Is Sampling Variability (Uncertainty) in Generating Parameters Im-
portant?

All of the models we have considered so far, Models 1-10, incorporate parameter value uncertainty,
This uncertainly is measured using the estimated covariance of the paramcter eslimales [rom our
models. We gencrale model parameters by randomly drawing values from the joint distribution of
the parameters, exploiting the asymptotic result that our full information maximum likelihood pro-
cedure produces parameter estimates that are jointly normally distributed, with an easily computed
ariance-covariarce structure.

Now we consider two models that have no parameter sampling variability built into them, Modcls
1T and 12. Tn these models Lhe point estimales [rom our ARMA estimalion on Lhe S&T 500 dala arce
uscd for cach and cvery simulation. Tgnoring uncertainty about the true values for the paramclers
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ol the ARMA processes [or interest rates, dividend growth rates, and the cquity premium should
dampen the variability of the generated [inancial statistics from these simulations, and potentially
understate the range of ex ante equity premia supported by the last half century of US data.
Model 11 is the hase model augmented to incorporate a 30 basis point gradual downward trend
in the cquity premium, a 50 basgis point abrupt decline in the equily premium, and a 100 basis
point gradual upward trend in the dividend growth rate, with no parameter uncertainty. (Model

is identical to Model 6 apart [rom ignoring parameler uncertainty.) Model 12 i the base model,

Model 1, with no parameter uncertainty.
Figure 7 goes about here.

In Panel A of Figure 7 we present plots of the y? test statistics on three moments of the data,
the mean ex post equity premiurm, the excess return volatility, and the mean dividend yield. Again,
we conglder Pancls B through D later. We sce in Panel A that both Modcls 11 and 12 are rejected
for all values of the ex ante cquity premium, though Model 11, which allows lor trends and breaks,
performs belter than Model 120 The log scale for the vertical axis compresses the values, but the
minimurm v? statistic for Model 12 is close to 30, indicating very strong rejection of the model, while
the minimum y? statistic for Model 11 is roughly 10. In each case, the ex ante equity premium
that yields the minimum joint test stalistic, corresponding Lo our estimale of i, is centered around
3%. TLis apparent thal parameler uncertainly is an important model leature. Tgnoring parameter
uncertainty leads to model rejection, even al the ex ante cquily premium selling thal corresponds

to the minimum test statistic.
D The Moments That Matter

An interesting question that arises with regard to the joint lests is, where docs the Lesi power
come [rom? That is, which variables give us the power Lo reject certain ranges ol the ex anle
equity premium in our joint y? tests? An examination of the ranges of the ex ante equity premium
consistent with the ndividuael moments can shed some light on the source of the power of the joint
tests. Panels B, C, and D of Figures 2 through 7 display plots of the univariate t-test statistics
baged on cach of the variables we consider in the joint tests plotted in Panel A of these figures.
Pancl B ol cach figure plols t-lest stalistics on the ex post cquity premium, Panel C of cach figure
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plols 1-test stalistics on the excess return volatility, and Dancl D of cach figure plots t-lesl statistics
on the price-dividend ratio.

Consider [irst Panel B of Figures 2 through 7. Virtually all of the models have a minimum t-test
statistic at a point that is associated with an ex ante equity premium close to 6%.1° Because our
method involves minimizing Lthe distance between the ex post equily premium based on the actual
S&DP 500 value {(which is a little over 6%) and the ex post equily premium estimaie based on the
simulated data, it is not surprising thal the minimum distance is achicved for models when they
are set to have an ex ante equity premium close to 6%. The t-test on the mean ex post equity
premium rises linearly as the ex ante equity premium setting departs from 6% for each model, but
docs not typically rejeet ox ante equily premium values at the 10% level until they deviale quite
far from the ex ante value al which the minimum -test ig obscrved. Tor example, in Pancl B of
Figure 4 the ending ex ante cquity premium must be as low ag 2.25% or as high as 7% belore we
see a rejection at the 10% level. This wide range reflects the imprecision of the estimate of the ex
post equity premiurn which is also evident in the actual S&P 500 data.

The t-tests on the excess return volatility, presented in Panel C of Figures 2 through 7, indicate
that lower ex anle cquity premium values lead to models that are betier able to maleh the S&T 500
experience of volatile returns.'® Nole thal as the ex ante equity premium decreases, Lhe volalility
of returns increwses, so high ex ante equity premia lead to simulated return volatilities that are
much lower than the actual S&P 500 return volatility we have witnessed over the last half century.
The test statistic, however, rises slowly as the ex ante equity premium grows larger, in contrast to

the joinl Lest stalistics plotled in Pancl A of Tigures 2 through 7, in which the x? test slatislic

B 3eeall that the ox ante couity premium valucs shown on Lhe horizontal axes are ending values, so il the model
has a downward Lrend or break in the equily premium proeess, ils ending value is below Uhe mean cquity preminrr
For instance, Model 11 has a data generating process that incorporates trends and breaks that lead to an ending
equity preminm lower than the starting value. Accordingly, for this model we observe (in Panel B of Figure 7) a
minimum t-test at an endig value of the ex ante equity premium which iz below the 6% asvernge equity premium.
The coarseness of the grid of ex ante equity premium values around 6% prevents this feature from being more obvious
for some of the other models.

¥ he intnition behind this resull is casicst Lo see by making reference Lo the Gordon (1962) constant dividend
growth model, shown above in Kgualtion 9. As Che discount rale, », declines in magnitnde, the Gordon price increases.
The variable » equals the risk-Tree rate plus Lthe equity prermium in our simulations, so low values of Lhe equily preminm
lead Lo values of the discount rate Chal are closer 1o Lhe dividend growth rate, resulting in higher prices. When the
value ol the equily premium is low, small increases in the dividend growilh rate or small decreases in the risk-lrec
rate lead to large changes in the Gordon price. In our sinnilations (where the conditional mean dividend growth rate
and conditional mean risk-free rate change over time), when the value of the equity premium is low, small changes
in the conditional means of dividend growth rates or risk-free rates also lead to large prices changes, e volatility,



rises sharply as the ox ante equily premium grows larger (recall that the Pancl A vertical axis has a
compressed log scale in Figures 2 through 7). Given these contrasting patterns, the return volatility
moment is unlikely, by self, to be causing the sharply rising joint test statistic.

Consider now the t-test statistics on the price-dividend ratio, plotted in Panel D of Figures 2
through 7. Notice that in all cages the (-lest on the price-dividend ratio jumps up sharply as the ox
ante cquity premium rises above 3%. Thus the sharply increasing x? stalistics we saw in Pancl A
ol the three figures are likely due in large part Lo information contained in the price-dividend ratio.
llowever, return volatility reinforces and amplilies the sharp rejection of premia above 1% that the
dividend vield also leads us to. In terms of the three moments we have considered in the joint y? and
univariale t-test statistics, it is evident that the upper range of cx anle equity premia consistent
with the experience of the last hall century in the US ig limited by the high average S&T 500
price-dividend ratio {or cquivalently, the low average S&P 500 dividend yicld) together with the
high volatility of returns. This result is invariant to the way we model dividend growth, interest
rates, or the equity premium process. liven an ex ante equity premium of 5% produces economies
with price-dividend ratios and return volatilities so low that theyv are greatly at odds with the high
relurn volatility and high average price-dividend ratio obscrved over the past hall century in the

US.
D.1 Sensitivity to Declining Dividends Through Use of the Price-Dividend Ratio

To ensure that our results are not driven by a single moment of the data, in particular a moment of
the data possibly impacted by declining dividend payments in the US, we perform two checks. First,
in Models 4 through 8 we incorporate higher dividends and dividend growth rates than observed
in US corporate dividends. This is Lo adjust for the praciice, adopted widely beginning in the late
19708, of US firms delivering cashllows Lo investors in ways (such as sharc repurchascs) which are
nol rccorded as corporaie dividends. As we previously reported, Models 4 through 8 (Lhe modcls
that incorporate higher cashflows to investors than recorded by S&P 300 dividend payments, .¢e.,
the models that use cashflows including share repurchases} are best able to account for the observed
LS data. Reassuringly, the estimate of the equity premium emerging from Models 1 through ¥ is

virtually identical to thal produced by the models that exclude share repurchascs.
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Our second check is Lo perform joint Lests excluding the price-dividend ratio. Any sensitivity Lo
mismeasurerent of the price-dividend ratio should he mitigated if we consider joint test statistics
that are based only the ex post equity premium and return volatility, excluding the price-dividend
ratio. These (unreported) joint tests conlirm two facts. First, when the joint tests exclude the
price-dividend ratios, the value of the x? statislic rises less sharply (or values of the ex ante equity
premium above 4%, Essentially, this indicates thal using two moments of the data (excluding the
price-dividend ratio) rather than all three makes it more difficull Lo identily the minimum Lest
statistic value and thus more dillicult to identify our estimate of the ex ante equity premium. This
conlirms our earlier intuition that the price-dividend ratio is instrumental in determining the steep
risc of the joint test statistic in Pancl A of Tigures 2 through 7. Sccond, and most importantly, the
minimum lesl stalisiic is still typically achicved for models with an ex anle equily premium value
between 3% and 4%. Tor some ol the modcls, the minimum Lest statistic is 25 or 50 basis points
lower than that found when basing joint tests on the full set of three moments. For a few models,
the minimurm test statistic is 25 or 30 basis points higher. Again Models 1 through 3 are rejected
tor every value of the ex ante equity premium, and again for Models 1 through ® the range of ex

ante equily premia that are not rejected is narrow.

E Investors’ Model Uncertainty

We have been carclul o explore the impact of estimation uncertainty by simulating [rom the
sampling distribution of our model parameters, and Lo cxplore the impact of model specificalion
choice (and implicitly model misspecification) by looking al a varicly of models for interest rales,
dividend growth rates, and equity premium, ranging from constant rate models to various ARMA
specilications, with and without trends and breaks in the equity premium and dividend growth
rates. Comparing distributions of [nancial statistics emerging from this range of models to the
outcome obscrved in the US over the last hall century leads us to the conclusion that the range of
Lrue ex ante equity premia that could have gencrated the TS experience is [airly narrow, under 100
basis points, centered roughly on 3.5%. We have not vet addressed, however, the impact of investor
uncertainty regarding the true fundamental value of the assets being priced. Lp to this point, all

simulated prices and returns have been generated with knowledge of the {(fundamental} processes



generaling interest rates and dividends.

[t is impossible to be delinitive in resolving the impact of investor uncertainty on prices and
returns. To do so we would have to know what {incorrect} model of fundamental valuation investors
are actually using. We can nonetheless focus our attention on procedures likely to be less atfected
by investor uncertainty than others. Up to this point, the joinl tesls we have used to identily
the plausible range of ex anie cquily premia have employed the observed return volatility over
the last hall century in the US and the volatility of returns produced in our simulated cconomics.
lowever, investor uncertainty could cause market prices to over- and under-shoot fundamental
prices, impacting return volatility, perhaps signilicantly. A joint test statistic based on only the
mean cquily premium and the mean price-dividend ratio, however, should be relatively immune Lo
the impact of investor uncertainty. (Tn the absenee of extended price bubbles, mean yiclds should
nol. be impacted greatly by temporary pricing errors.) Thus we now consider the joint y? iLest
statistic based on only the mean return and the mean price-dividend ratio. Figure &, Panel A plots
the test statistics for Models 1, 2, and 3, Panel B plots the test statistics for Models 41, b, and 6,
Panel C plots the test statistics for Models 7, 8, and 9, and Panel D plots the test statistics for

Models 10, 11, and 12, with a log scale for the vertical axis in all cascs.
Figure 8 goes about here.

First consider results for Models 1 through 4, shown in Panels A and B of Figure 8. These are
the hase model with no trends or breaks, and models which incorporate only one feature {trend
or break in the cquity premium or dividend growth rale) at a time. We sce again that Model 1 is
rejected oulright for every value of the ox anle equity premium, al the 10% level of significance,
and we sce again thal adding trends or breaks, even onc-at-a-time, improves performance. Now
Model 2 {incorporating an 80 basis point downward trend in the equity premium) and Model 1
(incorporating the increased cashflow growth rate) are not rejected over narrow ranges at the 10%
significance level. We [ind that Models 5, 6, 7, and &, all incorporating trends and breaks in the
cquity premium and dividend growth rate processes and shown in Pancls B and C of Figure 8,
deliver a wide range of ex ante equily premia which cannol be rejecled at any conveniional level

ol stalistical significance. We also sce thal Model 9 in Pancl C, incorporating a trend {of 30 basis



pointg) and a break (ol 50 bagis pointg) in the cquity premium, performs similarly o Model 2, which
has only a trend of 80 basis points (neither model incorporates a cashtlow change). In Panel D we
see Model 10 which has a deterministic equity premium with trends and breaks. This model’s
performance Is also similar to Model 2, but slightly worse, rejected at the 10% level at every ex
ante cquity premium. Also in Pancl D we sce that Modcls 11 and 12, which do nol incorporate
parameler cstimation uncertainty, arce almost everywhere rejected. (In contrast Lo the joint Lest
shown in Pancl A of Tigure 7, based on all three moments, we find that Model 11 is nol. rejected
only for the 3% value of the ex ante equity premium.)

Overall, the value of the ex ante equity premium at which the joint test statistic is minimized
(i.c.. our cslimate of the ex ante cquily premium} is not particularly allected by our having based
the joint tests on two moments of Lthe data rather than the original three, nor is our selection of
plausible models for the cquily premium proccess. Across the models, the highest estimale of the ex
arte equity premium is roughly 1% (for Model 1} and the lowest is 3% (for Models 11 and 12). With
the joint tests based on two moments, all models support (#.e., do not reject} broader ranges of the
ex ante equity premium, with the range widest for Models 1 through 8 {now spanning roughly 200
basis poinls for any given model, [rom ex ante equily premium values as low ag 2.25% for Model 7 Lo
values as high as 4.5% lor Model 4). This widening of the range of plausible ex ante equity premia
18 consistent with a decline in the power of our joint test, presumably from omitting an important
moment of the data, the return volatility. The widening of the range of plausible ex ante equity
premia is also consistent with investors being uncertain about the true fundamental value of the
asscls being priced. The last hall century of data rom the US will be less informative as investor
uncertainty aboul the processes governing lundamentals exaggerales the volalility of reiurns and
henee reduces Lhe precigion of estimates of the ox ante equily premium.

To the extent that market prices are set in an ellicient market dominated by participants with
models of dividend growth rates and interest rates that reflect reality, these ranges of plausible ex
ante equily premia based on only the two-moment joint test are overly wide. Still these ranges are

usclul for puliing a loose bound on the likely range of the ex ante equily premium.



F Bootstrapped Test Statistics

Up to this point, all of our test statistics have relicd on asymptolic distribution theory for ¢ritical
values. The asymptotic distributions should be reliable hoth because we are looking at averages over
independent events {our simulations are by construction independent) and because we have many
simulations over which Lo average (2,000}, Nonctheless, it is straighiforward to use our gimulated
test stalistics Lo bootstrap the distribulion of the lest stalislics, thus we do so. While use of the
boolsirap produces small quantitalive changes to our results, our main findings remain unchanged.
The best estimate of the mean ex ante equity premium and the range of plausible ex ante equity

premia and equity premium models do not budge.

IV  Conclusions

The cquity premium ol intercst in theoretical models is the exira return invesiors anticipale when
purchasing risky stock instead of risk-lree debt. Unflortunately, we do nol obscrve this ex anle
cquity premium in the data. We only observe the returng that investors actually reccive ex post,
after thev purchase the stock and hold it over some period of time during which random economic
shocks impact prices. US stocks have historically returned roughly 6% more than risk-free debt. lix
post estimaies provided by recent papers suggest the US equity premium may be falling in recent
years. Howoever, all of these eslimales are imprecise, and there is little consensus emerging aboul.
the true value of the ex ante equily premium. The imprecision and lack of consensus both hamper
efforts to use equity premium estimates in practice, for instance to conduct valuation or to perform
apital budeeting. The imprecision of equity premium estimates also complicates resolution of the
equity premium puzzle and makes it dillicult to determine if the equity premium changes over time,

In order 1o delermine the most plaugible value of the ex ante equity premium and the mosl
plausible restrictions on how the equily promium cevolves over lime, we have exploited information
not just on the ex post equity premium and the precision of this estimate, but also on related
[inancial statistics that deline the era in which this ex post equity premium was estimated. The
idea of looking at related fundamental information in order to improve the estimate of the mean ex

ante equity premium lollows recent work on the equily premium which has also sought improvements



through the use fundamental information like the dividend and carnings yiclds (Tama and Trench,
2002, and Jagannathan, McGrattan, and Scherbina, 2000}, higher-order moments of the excess
return distribution (Maheu and McCurdy, 2007} and return volatility and price moverent directions
(Pastor and Stambaugh, 2001}.

Our central insight is that the knowledge that a low dividend yicld, high ex post equity premium,
high return volatility, and high Sharpe ratio all occurred together over the last five decades Lells us
something aboul the mean cx ante equity premium and the likelihood that the cquity premium is
time-varyving with trends and breaks. Certainly, if sets of these [inancial statistics are considered
together, we should be able to estimate the equity premium more accurately than if we were to
look only atl the ex post equity premium. This ingight relics on the imposition of some siruclture
[rom cconomic models, bul our resull is quite robust Lo a wide range of model structures, lending
confidence Lo our conclusions.

We employ the simulated method of moments technique and build on the dividend discounting
method of fundamental valuation of Donaldson and Kamstra {1996} to estimate the ex ante equity
premium. We reject as inconsistent with the US experience all but a narrow range of values of the
mean ox ante equity premium and all bul a small number equity premium time-serics models. We
do so while incorporating model cstimation uncertainly and allowing for investor uncertainty aboul
the true state of the world. The range of ex ante equity premia that is most plausible is centered
very close to 3.3% for virtually every model we consider. The models of the equity premium not
rejected by our model specilication tests  that is, consistent with the experience of the US over
the last hall century — incorporate substantial aulocorrclation, a siructural break, and/or a gradual
downward (rend in the equily premium process. For these models, the range of ox ante cquity
premia supporied by our Lests is very narrow, plus or minus 50 basis peints around 3.5%. All
together, our tests strongly support the notion that the equity premium process over the last half
century in the 'S was very unlikely to have heen constant, was likely to have demonstrated at least

one sharp downward break, and was likely Lo have demonstrated a gradual downward trend.
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Appendices

Appendix 1: Models for Generating Data

In creaiing distributions of financial variables modeled on the US cconomy, we musl generale
the fundamental factors that drive asset prices: dividends and discount rates {where the discount
rate is delined as the risk-free rate plus a possibly time-varying equity premiumi}. Thus we must
specify time-series models for dividend growth, interest rates, and ex ante equity premia so that our
Monte Carlo simulations will gencrale dividends and discount rates that share key features with
observed S&T 500 dividends and TS discount rates. We consider a range of models Lo generale
dala in our simulalions, ag outlined in Table I. Each model incorporales specific characieristics thal
deline the way we generate interest rates and dividend growth rates, and each model makes specilic
assumptions about the way the ex ante equity premium evolves over time, if indeed it does evolve
over Lime. Tn providing further information aboul these defining aspects of our models, we consider
cach model lealure from Table Tin turn, starting with the ime-serics processes lor interest rales,
dividend growth rates, and the ox ante equity premium.

Al.1 Processes for the Interest Rate, Dividend Growth Rate and the Ex Ante Equity

Premium

The interest rate and dividend growth rate series we generate are calibrated to the time-series
properties of data observed in the US over the period 1952 to 2004, We considered the ability
of various time-series models to eliminate residual autocorrelation and ARCIL {evaluated with LM
tests for residual aulocorrclation and for ARCH, both using 5 lags), and we cvaluaiced the log
likelithood funciion and Baycsian Information Criterion (BIC) across models.  Although we will
deseribe the process of model sclection one variable at-a-time, our final models were chosen uging
a Full Information Maximum Likelihood (FIML} systems equation estimation and a joint-system
BIC optimization.

Fconomic theory admits a wide range of possible processes lor the risk-lree interest rale, rom
constant Lo auloregressive and highly non-lincar heteroskedastic forms. We find thal in praclice,
both AR(1} and ARMA(1.1) models of the logarithm ol interest rales, based on the model of Hull
(1993, page 108}, perform well in capturing the time-series properties of ohserved interest rates. We
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also find the AR{1} and ARMA(1,1} specifications perform comparably Lo onc another, markedly
dominating the performance of other specilications including higher order models like ARMA(2,2).
An attractive feature of modeling the log of interest rates is that doing so restricts nominal interest
rates to be positive. Finally, we [ind standard tests for normality of the error term (and hence
conditional log-normality ol interest rates) do not reject. the null of normality.

Since dividend growth rates have a minimum value of -100% and no theoretical maximum, a
nalural ¢hoice for their disiribution is the log-normal. Thus we model the log of T plus the dividend
growth rate, and we [ind that both a MA{1) and an AR{1} specilication [it the data well, removing
evidence of residual autocorrelation and ARCIL at live lags. These specilications are preferred on
the basig of the same eriteria used to choose the specification for modeling interest rales. As with
the interest rate dala, we find standard tests for normality of the error term {(and henee conditional
log-normalily of dividend growth rates) do not rejeet the mall of normality.

Most of our models incorporate an ex ante equity premium that follows an ARMA process
emerging from Merton's (1980} conditional CAPM. Merton’s conditional CAPM is expressed in
terms of returns in excess of the risk-free rate, or, in other words, the period-hy-period equity

premium. For the i asset,

Elris) Aot (7 47m ). (10)

where r;, are excess returns on the asset, ry,,, are excess returns on the market portfolio, cov_q
is Lhe time-varying conditional covariance belween excess relurns on Lthe assel and on the market
portlolio, and Fy is the conditional-cxpectalions operator incorporating informalion available Lo the
market up to but not including the beginning of period £. A is a parameter of the model, described
below.

For the expected excess market return, {10} becomes

FEe(rme) = A vare— 1 (Tmye) (11)
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where vary—) ig the markel time-varying conditional variance. Merton (1980} argues that A in (11)
is the weighted sum of the reciprocal of each investor’s coellicient of relative risk aversion, with the
weight being related to the distribution of wealth among individuals.

liquation {11} delines a time-varving equity premium but has the equity premium varying only
as a lunction ol time-varying conditional variance. Tollowing Bekacrt and Harvey (1993), it is
possible o allow A in Equation (11) to vary over time by making it a paramctric function of
conditioning variables (indicated below as 7). The [unctional form Bekacrl and Harvey cmploy

(in Lquation (12) of their paper) is exponential, restricting the price of risk to be positive:

A1 = eap (8 7Z,_1). (12)

Shiller (1984}, Rozell (1984}, Campbell and Shiller (1988), Hodrick (1992}, and Bekacrl and
Harvey {1993) all document the usefulness of dividend vields to predict returns, so we use lagged
dividend yields as our conditioning variable. We make use of a simple ARCII specilication to model

var,_1(Fm. ). Onece again we calibrate to the S&T 500 over 1952 Lo 2004, cstimaling the (ollowing

modcl:
Tn'.!.-_.f, - )\L—1 VaAr;_q ('r'rr'.!.-_.f,::] | Corn t (I U;:]
ver 1 (Tmy)  w+ (.1;'6?2?1:t_ . {11)
. D
/\t—l e OU -+ OIL . (15)
Py
The values of estimated parameters are 85 —3.93, 4, 0277, = 0.0191, and o« 0.312. The

R? ol this model is 2.8%.
For our simulations, we model the time-serics process of the ox ante time-varying equily premium

(denoted 7} by using the excess return as a proxy for the equity premium:

~

TAn'Ir, )\15_1 "t‘.-'f_\i‘.'-’"lr,_1 (r-m,__.f,)-_ (J_())
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where j\ﬁ_1 = cap (—3.93 | 0.2'?‘?%), var,_1{rm,,) = 0.0194 | 0-542@31;— and €0 = Ty —
#r—1. The Ume-varying equily premium we estimale here, m, [ollows a strong AR(1) time-serics
process, similar (o that of the risk-lree interest rate,!” so thal when the equily premium is pertur-
bated it reverts to its mean slowly. This permits slightly more volatile returns in our simulations
than would otherwise be the case. The best way to see the impact of this slow mean reversion of
the equity premium on our simulations is 1o compare Models 9 and 10, Model 9 has a conditionally
time-varying cquity premium (logether with a trend and break in the premium) while Model 10 s
identical except the equity premium docs not conditionally vary. We find standard tests lor nor-
mality of the error term (and hence conditional log-normality of the equity premium) show some
evidence of non-normality when estimated as a single equation, but less or no evidence if estimated
in a system of equations with the interest rate and dividend growth rate equations.

Henee we generate the ex ante cquily premia, interest rate, and dividend growth rale scrics as
aulocorrclated serics with jointly normal crror terms, calibrated to the degree of autocorrelation
observed in the US data. The processes we simulate also mimic the covariance structure between
the residuals from the time-series models of equity premia, interest rates, and dividend growth
rates as estimated using US data. We adjust the mean and the standard deviation of these log-
normal processes Lo generale the desired level and variability for cach when they are transformed
back into levels. The coefficients and crror covariance structure arce cstimated with TTMTL (very
similar results are obtained using iterative GMM and Newey and West, 1987, heleroskedasticity
and autocorrelation consistent covariance estimation}.

To give a sense for what our estimated models for interest rates, dividend growth rates, and
the equily premium look like, we present in Table AT the cstimated paramecters of Model 1, which
incorporates an AR(1) model lor interest rates (), a MA(1) model [or dividend growth rates (g),

and an AR(1) model [or the ex ante equity premium (7).

i he rcan of Lthe estimated equity premium lrom this model is 3.8% and ils standard devialion s 2.2%. An
AR(T) model of the natural logarivhm of the equity preminm has a cocflicient of .79 on Lhe lagged equity premium,
with a standard crror of 0.050 and an 22 of D.83.
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Table A.I
Estimated Parameters of Model 1

log(ry) = —0214 10929 log{re—1) |G
(0.262)  (0.086 )

log(1 | ) = 0.0516 1 0.454 cyem | ot
(0.0063)  (0.084)

log(iy) = —0.562 10831 log(Fe1) | ap

(0.230)  (0.070)

In Table AT standard crrors ol the estimated cocfficients are shown in parentheses. The covariance
ol ¢ and ¢ cquals 0.00240, the covariance ol ¢ and ¢ cquals -0.0117, and the covariance of
tge and crp cquals 0.0018. The variance of ¢+ cquals 0.0890, the variance ol ¢, ¢ cquals 0.000956,
and the variance of e ; equals 0.0618. The adjusted £2? for the interest rate equation is 72.9%, the
adjusted f7? for the dividend growth rate equation is 30.0%, and the adjusted £3* for the equity

premium cquation is 79.5%.
Al1.2 Allowing a Downward Trend in the Ex Ante Equity Premium Process

Paslor and Stambaugh (2001}, among others, provide cvidence thal the equily premium has
been trending downward over the sample period we study, linding a modest downward trend of
roughly 0.80% in total since the early 1930s, with much of the difference coming from a steep
decline in the 19905, Their study of the equily premium has the premium [luctuating belween
about 4%, and 6% since 1834, Given this cvidence and the lact thal we calibrate Lo data starting
in the 19508, we investigale a 0.80% trend in the equilty premium, and when modcling a trend with
a hreak we limit ourselves to a 0.30% trend with an additional 50 basis point hreak, as discussed
below. This is accomplished in conjunction with setting the ex ante equity premium to follow an
AR(L) process.

Al1.3 Allowing a Structural Break in the Equity Premium Process

Pastor and Stambaugh (2001} cstimale the probability of a structural break in the equily pre-
mium over the last two centuries. They [ind fairly strong support for there having been a structural
break over the 1990s which led to a 0.5% drop in the equity premium. An ageressive interpretation
of their results would have the majority of the drop in the equity premium over the 1990s occurring

al once. We decide 1o adopl a onc-lime-drop specification because doing so makes our resulis more
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congervative (i.e. produces a wider confidence interval for the ex ante equily premium). Spreading
the drop in the premium across several vears serves only to narrow the range of ex ante equity
premium consistent with the US returns data over the last 30 vears, which would only holster our
claims to provide a much tighter conlidence interval about the estimate of the ex ante equity pre-
mium. Thus we incorporate an abrupt 50 basis point drop in the cquity premium in some of the
models we congider. We time the drop Lo coincide with 1990, 39 vears inlo our simulation period.
This leature of the cquity premium process can be accomplished with or withoul incorporating

other features discussed ahove.

Al.4 Allowing for Sampling Variability in Generating Parameters

Our experiments are motivated by the large sampling variability of the ex post equity premium,
but when we produce our simulations we have to [irst estimate the parameter values for the time-
sericg models of dividend growth rates, interest rates, and ox ante cquily premia. These estimaloes
themselves incorporate sampling variability. Fortunalely, cstimates of the sampling variability arc
available to us through the covariance mairix of our parameters, so we can incorporale uncertainty
about the true values of these parameters into our simulations. We estimate our system of equations
(the dividend erowth rate, interest rate, and the ex ante equity premium equation) jointly with
FIML, and generate for eech simulation an independent set of parameters drawn randomly from
the joint limiting normal distribution of these parameler estimales (including the variance and
covariance ol the equation residuals) subject to some technical considerations™ and dala consistency
checks. 1Y This process accounts for possible variability in the true state of the world that generates
dividends, interest rates, and ex ante equity premia.

To illustrate, for Model 1 reported in Table AL

B he Lirnme-serios models must exhibit stationarity, the growth rale ol dividends must be sirietly less than the
disconnt rale, and the residual variances mnst be greater than zero,

Whe paramelors must gencrale mean inlerest rates, dividend growth rates, and ox post cquily prormia Lhal lic
within three standard deviations of the US data sample mean. Also, the limiting price-dividend ratio mmist be within
50 standard deviations of the mean US price-dividend ratio. This last consistency check rules out some extreme
simmilations generated when the random draw of parameters leads to near unit reot behavior. The vast majority of
simmilations do not exhibit price-dividend ratios that are more than a few standard deviations from the mean of the
7S data.



log(r.) = a Iploglri_a) 1oy
log(l 1 g = g 185 cq o
log(#,) r tprlog(Fia)  Hens.

Lhe estimaled covariance matrix of Lhe parameter cslimates is shown in Table ALTIL

Table A.Il

Estimated Covariance Matrix for Model 1 Parameters

iy Or (kg 0, e O
r,  0O6RTOD  0.022307  -.000051933  .000226443 -0.012165 -0.003511
gy 0022307 0.007136  -.000010346  .000111831  -0.004730 -0.001101
kg -0.000052  -0.000040 0.000039674 000025651  0.000153  0.000031
f,  0.000226  0.000115  0.000025G51 007086714 0.001699  0.000454
e -0.012165  -0.004730  0.000153376 001699151 0.052664  0.015791
pro -0.003511T  -0.007T401  0.000031495 000453874 0.015791  0.004844

The top-left element. of Table ATI, equal Lo 0.06%8705, is the variance of the parameter estimale of

. The entry helow the top-left clement, cqual Lo 0.022307, iz Lthe covariance between the eslimale

of a, and p,, and so on. The estirnated covariance matriz of the equation residual variances is
shown in Table A 1L (The variances themselves are reported in Section Al.l, as are the parameter
estimates of the mean.)

Table A.IIT
Estimated Covariance Matrix of Model 1 Residual Variances

r? Crly . Cplg Lj Cylar L?_ .
& 0.0000011 L1.09720.10° R35L.10 -L.902-1077 -L56410° -1.60-10°
€r6g  LOT20-1070 851631077 LOABT-L07 4.3066-107  -1.602.1077  9.141%-1077
eréx 83511077 LOLITL070 0.0000707  L8R2T-107T 5.001107°  -0.000011
2 'QU?'U—’ 4.3066-107° 1.8827-1077  4.8337-107°  9.68%85-107%  1.3458-107°
Cgtn -1.564-107% 216021077 5.001-107%  9.6885-107°  3.5567-107°  0.0000203

e —L()EJ‘ 107% 914481077 -0.000011  L.3458-107°  0.0000203 (0.00025009

The top-left element, equal to 0.0000944, is the variance of €2. The entry helow the top-left element,
equal to -1.9729-107° is the covariance hetween the estimate of ¢2 and the product of ¢, and €gr
and so on.

Exploiting block diagonality of the parameters of the mean and variance, and asymptotic normal-

ity of all the estimaied parameters, we gencrale two scls of normally distributed random variables.
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Each sct is independent of the other, the first sel of gix having the covariance matrix [rom Table ALTT
with means equal to the parameter estimates listed in Table ALl and the second set of six having
the covariance matrix from Table A L1l with means equal to the equation residual covariances listed
in Section Al.l. This set of 12 random variables is then used to simulate interest rates, dividend

growlh rales, and cquily premia, subjecl to the consisiency checks [ootnoted carlier.
Al1.5 Allowing for Disappearing Dividends

An issue with our calibration to dividends is the impact of declining dividend payvments in the
LS. This phenomenon is a result of a practice adopted widely beginning in the late 1970s, whereby
LS [irms have been increasingly delivering cashflows to investors in ways not recorded as corporate
dividends, such ag share repurchases. Fama and Trench (2001} document the widespread decline
ol regular dividend payments starting in 1978, consistent with evidence provided by Bagwell and
Shoven {1989} and others. Fama and French [ind evidence that the disappearance of dividends is
in part due to an increase in the inflow of new listing to US stock exchanges, representing mostly
voung companies with the characteristics of [irms that would not be expected to pay dividends, and
in part duc Lo a decline in the propensity of firms to pay dividends. Tama and Trench find only a
small decline in the probability Lo pay dividends ameng the firms thal we calibrate Lo, those in the
S&D 500 index.

Consistent with Fama and French, we [ind no evidence of a break in our data on dividend
growth rates. Though dividend yields on the S&P 500 index have dropped dramatically over time,
dividend growth rates have not. The decline in yields has been a [unction of prices rising [aster than
dividends since 1978, not dividends declining in any absolute senge. Trom 1952 through 1978, the
vear Fama and French document as the year of the structural break in dividend payments, dividend
growth rates among the S&P 500 [irms have averaged 1.9% with an annual standard deviation of
3.99%, and from 1979 to 2000 the dividend growth rates have averaged 5.3% with an annual standard
deviation of 3.8%, virtually indistinguishable from the pre-1979 period. Time series properties pre-
and post-1978 arc also very similar across these Ltwo periods. Consistent with this stability of
dividend growth pre- and post-1978 and Bagwcell and Shoven’s documentation ol increased share

repurchages in the 19808, carnings growth reles ol firms in the S&T 500 index have accelerated sinee



the 1952-1978 period, rom 6.8% pre-1979 to 7.8% post-1978. Similar to the dividend growlh rate
data, the time-series properties of the earnings growth rate data did not change.

[n order to determine the sensitivity of our experiments to mismeasurement of cashflows to
investors, we consider a dividend growth rate process with a structural break 27 vears into the time
series Lo correspond Lo a possible break in our dividend data for the S&D 500 dala alter 1975, We
calibrate Lo the S&P 500 carnings data mean growth rale inercase over 1979-2000, an upward shill
ol 100 basis poinis, Lo proxy lor the inercase in tolal cashllows Lo investors. Thal is, we increase the
growth rate of dividends by 5 basis points a vear for 20 vears, starting in vear 27 of the simulation
(corresponding to 1978 for the S&FP 500 data), to increase the mean growth rate of our dividend

growth series 100 basis points, mimicking the proportional increase in carnings growth rates.

Appendix 2: Further Details on the Simulations

A2.1 Fundamentals

We deline £ as a stock’s beginning-of-period-# price and Iy as the expectations operator condi-
tional on information available up to but not including the beginning of period . The discount rate
(r;, which equals the risk-free rate plus the equity premium} is the rate investors use to discount
payments reccived during period ¢ (Le, [rom the beginning of period ¢ Lo the beginning ol period
£ 1 1). Recall that investor rationality requires thal the time ¢ market price of a stock, which will

yav a dividend 3., one period later and then sell for £, satisty Eguation (3):
Pa} £+l I B1s : 1

1'_)£|1+-{)£|1} (3)

reond
L+
Invoking the standard transversality condition that the expecled present value of the stock price

P Talls Lo zero as § goes Lo infinily, and defining the growth rate of dividends during period { as

G = (Dey) — Dy)/ Dy, allows us rewrite Liquation {3) as:

f i [ e
P it L —_— 5
: oLy ; ] (5)
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One attractive fealure ol expresging the present value stock price as in Equation (3), in Lerms of
dividend growth rates and discount rates, is that this form highlights the irrelevance of inflation,
at least to the extent that expected and actual inflation are the same. Notice that working with

nomiinal growth rates and discount rates, as we do, 1s equivalent to working with deflated nominal

Lt ([ =L/ E]) (e
* ([ — ] L)) (L)’

rales (4.e., real rates). Thal is where 7 is inllation. Working with nominal
values in our simulations removes a potential source of meagurcement orror associated with allempts
Lo estimate inllation.

Properties of prices and returns produced by liquation (5} depend in important ways on the
modeling of the dynamics of the dividend growth, interest rate, and equity premium processes. For
instance, the stock price would cqual a constant multiple of the dividend level and returns would
be very smoolth over time il dividend growth and interest rales were scl equal Lo conslants plus
independent innovations. Howcever, using models that capture the serial dependence of dividend
growth rates, interest rates, and equity premia observed in the data, as we do, would typically lead

to time-varving price-dividend ratios and variable returns of the sort we observe in observed stock

market data.
A2.2 Numerical Simulation

We now provide details on the numerical simulation which comprises Step 4 of the b-siep pro-

coedure outlined in Scction T above. Thal is, we detail for the

cconomy Lhe formalion of the
prices (P}, returng (A7), ox post cquily premia (77%), ele. (wheren=1,--- . Nand{=1,---,T),
given dividernds, dividend growth rates, risk-free interest rates, and the equity premium of the »™
economy: DF, ¢t |, and v ¥, + 7.2 For simplicity, we illustrate our methodology by as-
suming fixed parameters (no parameler uncertainty ), a constant ox ante cquily premium, and an
AR(1) model for interest rates. Further, to illustrate the procedure required for a moving average
crror model, we assume a MA(T) process for dividend growth rates. Relaxing these assumptions
(the assumptions to incorporate parameter uncertainty, ARMA(L 1} processes for interest rates and
dividend growth rates, and a time-varving equity premium) complicates the procedure outlined

below only slightly. Note that in our actual simulations we set the initial dividend growth rate and

T

Gilvas ) . v e e .. ) . .
“We sel Lhe nomber of ceonomics, &, at 2,000, This is a sulliciently large number of replications 1o prodoce

resulls wilh very small simalation crror,
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interest rale to their unconditional means, innovalions Lo zero, and dividends to $1, then simulate
the economies out for 50 periods. At period 51 we start our calculation of market prices, returns,
ete. {to avoid contaminating the simulations with the initial conditions}. For simplicity, we do not
include this detail in the description below but for concreteness we describe a similar prototypical
simulation.

In terms of iming and information, recall that 777 1s the stock’™s beginning-ol-period-{ price, v
is the rate used to discount payments received during period ¢ and is known al the beginning of
period ¢, D is paid at the beginning of period ¢, ¢f is delined as (D2 ) — DP)}/ D} and is not known
at the beginning of period ¢ since it depends on DP, ), and [, {-} is the conditional expectation
operator, with the conditioning information being the sel of information available Lo investors up

to but not including the beginning of period £. Tinally, recall Equation (5), rewritten Lo correspond

1)

o Lhe n** cconomy:

_ I : L+ gt
Py DR L,y [ 17
t t g =0 |7 T T,I,,l i (17)

" ’ o —i . —n oy "
Returns are constructed as Ry = (P, | DPy— PPy/ P and 7 = R —7¢ where R =1 %/ RY
arl d = 1 Z’f' ien
i T’f — T 1—1 TJ;'JA

Based on Lguation (17), we generate prices by generating a multitude of possible streams of
dividends and discount rates, present-value discounting the dividends with the discount rates, and

21 [lence we produce prices

averaging the results, +.e., by conducting a Monte Carlo integration.
(177}, returns (RY). ox post equity premia (7)), and a myriad of other financial quaniities, utilizing
only dividend growth rates and discount rates. The ezact procedure by which we conduct this
numerical simulation is described below and summarized in Figure A.l. {These steps, labeled

Steps 1A through AC, collectively constitute Step 4 of the d-step procedure outlined in Section I

above.}

21 According to Equation {17), the stream of dividends and discount rates should be infinitely long, however
truncating the stream at a sufficiently distant peint in time denoted I leads to a very small approximation error. We
discuss Lhis poinl more Tully below,
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Step 4A: In [orming 7%, the most recent [undamental information available to an invesior
would be g 4, D and #74. Thus g7 4, DY, and v, musl be generaled direetly in our simulations,
whercas P is caleulated based on these g, P, and r. The objeclive of Steps 4A(1)-(iii) outlined
below is to produce dividend growth and interest rates that replicate real-world dividend growth and
interest rate data. That is, the simulated dividend growth and interest rates must have the same
meart, variance, covariance, and aulocorrclation structure ag ohserved S&T 500 dividend growth
rates and US interest rates. Tn terms of Tigure A1, Step 4A forms ¢, D7, and »7 4 only.

Step 4A(E): Note thal since, as described above, the logarithm of one plus the dividend growth
rate is modeled as a MA(L) process, log(l + ¢;') is a function of only innovations, labeled ¢}, Note
also that since the logarithm of the interest rate is modeled as an AR(1) process, log(rf,) is ¢
function of log{rf, ;) and an inmovation labeled €. Set the initial dividend, D7, equal to the
total S&T 500 dividend value for 1951 (obscrved at the end of 1951), and the lagged innovation
ol the logarithm ol the dividend growth rates o lo 0. To match Lhe real-world interest rate
data, set log(r},)  —2.90 (the mean value of log interest rates required to produce interest rates
matching the mean of observed T-hill rates). Then generate two independent standard normal
random nurrbers, n} and ¢} (note that the subscript on these random numbers indicates time, ¢},
and form two correlated random variables, <) = 0.319(0.2557 | (1—.25%) ) and | = 0.031157.
These are the simulaled innovations Lo the interest rate and dividend growth rate processes, formed
Lo have standard deviations of 0.319 and 0.0311 respectively Lo maleh the dala, and Lo be correlated

with correlation coellicient 0,25 as we [ind in the S&F 300 return and T-bill rate data. Next, form
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log(11 g7) =0.049 1 0.64c7, | ¢y and log(r7},) = —0.35 1 0.88log(r?,) | 7y Lo malch the paramelers
estimated on the S&P 500 index data 1952-2004 of these models (using Full Information Maximum
Likelihood}.* Also form D5 D1+ ¢7).

Step 4A(i1): Produce two correlated normal random variables, ¢!, and ¢} , as in Step 1A (i) above,
and conditioning on ¢ and log(r ) from Step 4A(1) produce log(1 | g5) = 0.049 | 0.64¢5 ) | ¢ ,.
log(rfs) = —0.35 1 088log(r7, ) | ¢y, and DF = DE(1 | ¢

Step 4A (i) Repeal Step 4A(30) Lo form log(1 1 ¢}, log(r},). and D for £ =3.4.5,---,T and
for each economy n 1,2,3,--+  N. Then calculate the dividend growth rate ¢ and the discount
rate ri {(which equals %, plus the ex ante equity premium).

Step 4B: Tor cach Ltime period £ = 1,2,3,---,T and cconomy n = 1,2,3,---. N we calculale
prices, I In order Lo do this we must solve for the expeclation of the infinite sum of discounted
future dividends conditional on time {—1 information for cconomy 7. Thal is, we must produce a set
of possible paths of dividends and interest rates that might he observed in periods £, ¢4+ 1,4+ 2
given what is known at period ¢ — 1 and use these to solve the expectation of liquation (17). We use
the superscript j to index the possible paths of future economies that could possibly evolve from
the current state of the cconomy. In Step 4B(iv} below, we deseribe how we are able Lo solve for
Lthe expeclation of an infinite sum using a finile stream ol lulure dividends.

Step 4B(i): Set fr” e,y and Iog(-r""f"__'fq) log(rf,_;) for j  1,2,3,--+,J% Generate

two independent standard normal random numbers, 77" and 7", and form two correlated randomn

ariables e0f  0.319(0.2300" + (1 — 232)50") and F::,? 0.0311n" for §  1.2,3,--+, .2 These

“INote that by construction these parameters do not match those reported for the system reported in Appendix 1
as this system does not incorporate a time-varying equity premium.

BWe choose J Lo lie belweer 1,000 and 100,000, as needed 1o ensure the Monte Carlo simalalion crror in ealenlating
prices and rolurns is controlled Lo be less than 0.20%. lor the Lypical case Lhe simnlation error is far less than
0.20%. To delermine the simulation error, we conducted a sirmnlation of the simulations. Unlike some Monte Carlo
experiments (such as Lhose estimaling the gize of a test statistic under Lhe null) the standard error of the simulation
error for most of our estimales (relurng, prices, efe.) are themselves analylically intractable, and musl be simulated.
In order to estimate the standard error of the simulation error in estimating market prices, we estimated a single
market price 2,000 times, each time independent of the other, and from this set of prices computed the mean and
ratiance of the price estimate. If the experiment had no simulation error, each of the price estimates would he
identical. With the munber of possible paths, J, equal to no less than 1,000 we find that the standard deviation of
the simulation error is less than 0.20% of the price, which is sufficiently small as not to be a source of concern for
our study, The number of simulations has to be substantially greater than 1,000 for some cases depending on the
micdel specification and Lhe ex ante equily premiunm.

Alar our random number generation we made use of a variance reduction Leehnigue, stralificd sampling, This
Lechnique has us drawing pseudo-randor nimbers ensuring that g% ol these draws eome from Lhe ¢™ pereentile, so
Lhal our sampling docs not weight, any grouping ol random draws Loo heavily,
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arc Lhe simulated innovalions Lo the interest rale and dividend growth rate processes, respectively.
Form log(1 + g™} 0.049 + 0647 1 + el and log(r}})  —0.35 + 0.880og(r7} ) + €.

Step 483(i1): Produce two correlated normal random variables €7, and €)'}, as in Step 113(i)

above, and conditioning on F;,? and Iog(-rf;-':?) from Step 1B(i} produce log(l + gl T 0.019 +
0.64c2% | 3 and log(rip, ) = —0.35 1 0.88log(rif) | iy for j=1.2,8,- - J.

Step 4B(ii): Repeal Step 4B(i) to form log(1 | git) and log(rll) Tor i = 2,3,4,--- 1. j =
1,2,3,---,J, and cconomics n =1,2,3,---, N.

Step 4B(iv): The discounted present value of each of the individual J streams of dividends is
now taken in accordance with liquation (17}, with the j% present value price noted as PP Finally,
the price for the n* cconomy in period ¢ is formed: P =437 I

In congidering these prices, nole thal according to Equation (17) the stream of discount ratles
and dividend growth rates should be infinitely long, while in our simulations we extend the stream
for only a linite number of periods, 1. Since the ratio of gross dividend growth rates to gross
discount rates are less than unity in steady state, the individual product elements in the infinite
sum in Laguation {17} eventually converge to zero as [ increases. (Indeed, this convergence to
vero s exactly whal is required for the standard transversality condition that the expected present
valuc of the stock price Py lalls to zero as § goces Lo infinity.) We therelore sct T large cnough
in our simulations so that the truncation does not materially effect our results.  We [ind that
setting £ 1,000 vears is sullicient in all cases we studied. That is, the discounted present value
of a dividend pavment received 1,000 years in the future is essentially zero. Also note that the
steps above are required o produce PP D7 gl and v lorn = 1,--- . N and { = 1,---T; the
intermediate terms superscripted with a 7 are required only Lo perform the numerical integration
that yiclds 2. Note thal the length of the time series T is chosen Lo be 53 Lo imilale Lhe 53 years
of annual data we have available for the S&P 300 from 1952 to 2001.

Step 4C: After performing Steps AA{i}-{iii) and AB{i)-(iv} for ¢  1,---,7", rolling out N
independent cconomics for T periods, we construct the markel returns lor cach cconomy, Ry =
ih

(Phy 1 DYy = PP/ PP, and the ex post equity premium that agents in the

cconomy wollld
observe, 7, eslimaled rom Equation (1) as the mean dillerence in market returns and the risk-lree

rate.



Table I
Characteristics of Simulated Models

Here we present the 12 models we consider, identifving the characteristics of their underlving data generating
processes, The column titled “Trocesses for v, g, & =7 indicates the nature of the time-gseries models 11sed to generate
the interest rates, dividend growth rates, and equity premium. See Appendix 1 for details on how this set of models
was chosen and a deseription of how the cquily preminm serics is produced. The colurmn Lilled “Downward Trend
in lquity Premium Process,” idenlifics whelher Lhe oxoante equily preminm trends downward over the conrse of
Lhe 53-year experiment, and il il does, provides the amount of the downward Lrend. The nextU colurmn, “Stroctural
Break in Bguity Premium Process,” indicates whether the model ineorporales a sudden 50 basis point (bps) drop
in the valne of the ex anle equity preminm. The colomn “Structural Break in Dividend Growth Process,” indicatles
whether the model incorporates a gradual 100 basis point increase in the growth rate of the dividend growth rate,
The final column indicates that all the models except Models 11 and 12 incorporate sampling variability in generating
parameters, Additional model details are as follows., Darsimonious Model: interest rates follow an AR{1), dividend
growth rates follow a MA{1), the equity premium follows an AR{1}. Deterministic = Model: interest rates follow an
AR{1}, dividend growth rates follow a MA{1}, the equity premium follows a deterministic downward trend with a 50
bps struetural break. Best BIC Model:T interest rates follow an ARMA(1,1}, dividend growth rates follow a MA{1),
the equity preminm lollows an AR(1). Sceond-Best BIC Model:T interest rates lollow an ARM A(1,1), dividend
growlh rates follow a MA(T], the equily premium follows an ARMA{L ). Further details aboutl cach model lealure
are provided in Appendix 1.

Downward  Structural  Struetural  Sampling

Trend in Break in Break in Variahilily
ity Iaquily Dividend in
Prermium Prermium Growlh Cleneraling
Maodel  Processes lorr, g, & © Process Process Process Paramelers
1 Parsimonions Model No No No Yes
2 Parsimonions Maodel with Yes No No Yes
7 Trend {80 bps)
3 Parsimaonious Madel wilh No Yos N Yos
= Break {50 hps)
1 Parsimonions Maodel with No No Yes Yes
Dividend Growth Trend
3 Parsimonions Maodel with Yes No Yes Yes
7 Trend and Dividend Growth Trend {80 bps)
6 Parsimaonious Madel wilh Yos Yos Yos Yos
7 Break, 7 Trend, and Dividend Growlh Trend {30 bps) (50 bps)
7 Bost BIC ModelT with Yos Yos Yos Yos
7 Break, 7 Trend, and Dividend Growlh Trend {30 bps) (50 bps)
8 Second-Best BIC Model' with Yes Yes Yes Yes
= Break, 7 Trend, and Dividend Growth Trend {30 bps) {50 bps)
9 Parsimonions Maodel with Yes Yes No Yes
7 Break and & Trend {30 bps) (50 bps)
10 Delerministic 7 Model with Yos Yos N Yos
7 Break and & Trend {30 bps) (50 bps)
11 Parsimonions Model with Constant Darameters Yes Yes Yes No
 Break, 7w Trend, and Dividend Growth Trend {30 bps) {50 bps)
12 Parsimonions Model with Constant Darameters No No No No

Tl Maodels 7
driving cach of the inlerest rale, equity preminm, and dividend growth rate processes. The order ol cach AR process

and 8 we employ the Bayesian Information Criterion (B1C) Lo seleel the order of the ARMA maodel

and cach MA process [or cach series is chosen over a (0, 1, 2] grid.



Figure 1: Probability Distribution Functions of Simulated Ex Post Equity
Premia, Dividend Yields, Sharpe Ratios, and Return Standard Deviations
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This figure containg probability distribution functions (PDFs) for various financial statistics generated in 2,000
simmilated economies baged on Model 1 from Table I. Each panel containg a PDF for each of four different assumed
ralues of the ex ante equity premium: 2.75%, 2.75%, 5%, and 8%. I’anel A shows the distribution of the ex post equity
premium (mean return minus mean interest rate), Panel B shows the mean dividend vield distribution {dividend
divided by price], Panel C shows the Sharpe ratio distribution {excess return divided by the standard deviation of
Lhe exeess relarn), and Panel 1Y shows Che distribation of Lhe standard deviation of excess returns. In cach panel, a
vertical line indicates the LIS dala realized over 1952-2004, the value of the estimated ox post equily premiumi, mean
dividend yield, mean Sharpe ralio, and excess relurn standard devialion, respectively, The simualaled stalistics are
estimaled on 53 vears of generated data lor cach ceonomy, mimicking the data period we nsed Lo estimale the actual

S resulis.



Figure 2: Joint and Individual Tests Statistics
for Models 1 and 2
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This figure contains plots of test statistics for Models 1 and 2. Tanel A plots joint y? tests based on a set of three
rariables (the ex post equity preminm, the mean dividend vield, and the excess return volatility) for varions ending
ralues of the ex ante equity premium for each model. In Danel A the vertical axis is plotted on a log scale. The
remaining panels containg t-test values corresponding to tests on the individual variables for each of the models: the
ex posl cquity preminm in Panel 13, the excess return volalilivy in Panel O, and price-dividend ratio in Pancl 1. In
cach pancl the eritical values of the Lest slatistics corresponding Lo Lest significance at the 105, 3%, and 1% lovels
are indiealed by horizontal lines.



Figure 3: Joint and Individual Tests Statistics
for Models 3 and 4

Panel A: Panel B:
Joint: Test, All Moments T —Test, Ex Post Equity Premium
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This figure contains plots of test statistics for Models 3 and 4. Tanel A plots joint y? tests based on a set of three
rariables (the ex post equity preminm, the mean dividend vield, and the excess return volatility) for varions ending
ralues of the ex ante equity premium for each model. In Danel A the vertical axis is plotted on a log scale. The
remaining panels containg t-test values corresponding to tests on the individual variables for each of the models: the
ex posl cquity preminm in Panel 13, the excess return volalilivy in Panel O, and price-dividend ratio in Pancl 1. In
cach pancl the eritical values of the Lest slatistics corresponding Lo Lest significance at the 105, 3%, and 1% lovels
are indiealed by horizontal lines.



Figure 4: Joint and Individual Tests Statistics
for Models 5 and 6
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Joint Test, All Moments

Panel B:
T =Test, Ex Post Equity Premium

2 4 5 6 7 8
Ex Ante Equity Premium

------ 1% Level - 5% Level -+ 1% Level 5% Level
----------- 10% Level —— Model 5 - 10% Level —— Model 5
------- Model 6 - Model 6

Panel C: Panel D:

T —Test, Excess Return Volatility

T —Test, Price—Dividend Ratio

s 4 5 6 7 8
Ex Ante Equity Premiim
1% Level 5% Level
10% Level —— Model 6
"""" Model 6

2 8 4 5 6 1 8

Ex Ante Equity Premium

1% Level 5% Level
10% Level —— Model 6
"""" Model 6

are indiealed by horizontal lines.

This figure contains plots of test statistics for Models 5 and 6. Ianel A plots joint y? tests based on a set of three
rariables (the ex post equity preminm, the mean dividend vield, and the excess return volatility) for varions ending
ralues of the ex ante equity premium for each model. In Danel A the vertical axis is plotted on a log scale. The
remaining panels containg t-test values corresponding to tests on the individual variables for each of the models: the
ex posl cquity preminm in Panel 13, the excess return volalilivy in Panel O, and price-dividend ratio in Pancl 1. In
cach pancl the eritical values of the Lest slatistics corresponding Lo Lest significance at the 105, 3%, and 1% lovels




Figure 5: Joint and Individual Tests Statistics
for Models 7 and 8

Panel A: Panel B:
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This figure contains plots of test statistics for Models 7 and 8. Tanel A plots joint y? tests based on a set of three
rariables (the ex post equity preminm, the mean dividend vield, and the excess return volatility) for varions ending
ralues of the ex ante equity premium for each model. In Danel A the vertical axis is plotted on a log scale. The
remaining panels containg t-test values corresponding to tests on the individual variables for each of the models: the
ex posl cquity preminm in Panel 13, the excess return volalilivy in Panel O, and price-dividend ratio in Pancl 1. In
cach pancl the eritical values of the Lest slatistics corresponding Lo Lest significance at the 105, 3%, and 1% lovels
are indiealed by horizontal lines.



Figure 6: Joint and Individual Tests Statistics
for Models 9 and 10
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This figure contains plots of test statistics for Models 9 and 10. DPanel A plots joint v? tests based on a set of three
rariables (the ex post equity preminm, the mean dividend vield, and the excess return volatility) for varions ending
ralues of the ex ante equity premium for each model. In Danel A the vertical axis is plotted on a log scale. The
remaining panels containg t-test values corresponding to tests on the individual variables for each of the models: the
ex posl cquity preminm in Panel 13, the excess return volalilivy in Panel O, and price-dividend ratio in Pancl 1. In
cach pancl the eritical values of the Lest slatistics corresponding Lo Lest significance at the 105, 3%, and 1% lovels
are indiealed by horizontal lines.



Figure 7: Parameter Estimation Certainty:
Joint and Individual Tests Statistics for Models 11 and 12
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This figure contains plots of test statistics for Models 11 and 12. Panel A plots joint y? tests based on a set of three
rariables (the ex post equity preminm, the mean dividend vield, and the excess return volatility) for varions ending
ralues of the ex ante equity premium for each model. In Danel A the vertical axis is plotted on a log scale. The
remaining panels containg t-test values corresponding to tests on the individual variables for each of the models: the
ex posl cquity preminm in Panel 13, the excess return volalilivy in Panel O, and price-dividend ratio in Pancl 1. In
cach pancl the eritical values of the Lest slatistics corresponding Lo Lest significance at the 105, 3%, and 1% lovels
are indiealed by horizontal lines.



Figure 8: Investors’ Model Uncertainty
Joint Tests Based on a Subset of Moments for Models 1-12
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This Agure containg plots of joinl %2 Lesls based on a sel ol two variables, Lhe ox post equity premium and the mean
dividend yield, Tor varions ending values of the ox anle equity premium lor cach model. Panel A presents the tesl
stalistics lor Models 1, 2, and 3, Pancl I3 presents Che test stalislics for Models 4, 5, and 8, Pancl C presenls the test
stalisties for Models 7, 8, and 9, and Pancl 1) presents the Lest statistics for Models 10, 11, and 12, The vertical axis
of each plot is on a log scale, In each panel the critical values of the test statistics corresponding to test significance

at the 10%., 5%, and 1% levels are indicated by horizontal lines.
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1. Introduction

The cquity risk premium —the cxpeceted return on stocks in excess of the risk-free ratc— is a fundamental
quantity in all of assct pricing, both for theorctical and practical rcasons. It is a key mcasurc of aggregate
risk-aversion and an important determinant of the cost of capital for corporations, savings decisions of
individuals and budgeting plans for governments. Recently, the equity risk premium (ERP) has also
returned to the forcfront as a leading indicator of the evolution of the ceconomy, a potential explanation for

jobless recoveries and a gauge of financial stability”,

In this article, we cstimate the ERP by combining information from twenty prominent modcels used by
practitioncrs and featured in the academic literature. Qur main finding is that the ERP has rcached
heightened levels. The first principal component of all models —a linear combination that explains as
much of the variance of the underlving data as possible— places the onc-vear-ahcad ERP in Junc 2012 at
12.2 percent, above the 10.5 percent that was reached during the financial crisis in 2009 and at levels
similar to those in the mid and late 1970s. Since June 2012 and until the end of our sample in June 2013,
the ERP has remained little changed, despite substantial positive realized retums, It is worth keeping in
mind, howcver, that there is considerable uncertainty around these cstimates. In fact, the issuc of whether
stock returns are predictable is still an active area of research.” Nevertheless, we find that the dispersion in

estimates across models, while quite large, has been shrinking, potentially signaling increased agreement

* As an indicator of futurc activity, a high ERP at short horizons tends to be followed by higher GDP
growth, higher inflation and lower uncmployment. See, for example, Piazzesi and Schncider (2007),
Stock and Watson (2003), and Damodaran (2012). Bloom (2009} and Duarte, Kogan and Livdan (2013)
study conncetions between the ERP and real aggregate investment. As a potential cxplanation of the
jobless recovery, Hall (2014) and Kuehn, Petroskyv-Nadeau and Zhang (2012) propose that increased risk-
aversion has prevented firms from hiring as much as would be expected in the post-crisis macroeconomic
cnvironment. Among many others, Adrian, Covitz and Liang (2013) analyze the role of cquity and other
asset prices in monitoring financial stability.

* A fow important reforences among a vast literature are Ang and Bekacrt (2007), Goval and Welch
(2008), Campbell and Thompson (2008), Kelly and Pruitt (2013), Chen, Da and Zhao (2013), Necly,
Rapach, Tu and Zhou (2014),



even when the models are substantially different from each other and use more than one hundred different

economic variables.

In addition to estimating the level of the ERP, we investigate the reasons behind its recent behavior.
Becanse the ERP is the difference between expected stock returns and the risk-free rate, a high estimate
can be due to expected stock retums being high or risk-free rates being low. We conclude the ERP is high
because Treasury vields arc unusually low. Current and expected future dividend and carnings growth
play a smaller role. In fact, expected stock returns are close to their long-run mean, One implication of a
bond-vield-driven ERP is that traditional indicators of the ERP like the price-dividend or price-eamings
ratios, which do not usc data from the term structure of risk-frec rates, may not be as good a guide to

future cxeess returns as they have been in the past.

As a second contribution, we present a concise and coherent taxonomy of ERP models. We categorize the
twenty models into five groups: predictors that usc historical mean returns only, dividend-discount
models, cross-sectional regressions, time-series regressions and survevs. We explain the methodological
and practical differences among these classes of models, including the assumptions and data sources that

cach require.

2. The Equity Risk Premium: Definition

Conceptually, the ERP is the compensation investors require to make them indifferent at the margin
between holding the risky market portfolio and a risk-free bond. Because this compensation depends on
the future performance of stocks, the ERP incorporates expectations of future stock market retums, which
are not directly observable. At the end of the day, anv model of the ERP is a model of investor
cxpectations. Onc challenge in cstimating the ERP is that it is not clcar what trulv constitutes the market
return and the risk-free rate in the real world. In practice, the most common measures of total market

returns are based on broad stock market indices, such as the S&P 500 or the Dow Jones Industrial



Average, but those indices do not include the whole universe of traded stocks and miss several other
components of wealth such as housing, private equity and non-tradable human capital. Even if we
restricted ourselves to all traded stocks, we still have several choices to make, such as whether to use
value or cqual-weighted indices, and whether to exclude penny or infrequently traded stocks. A similar
problem arises with the risk-free rate. While we almost always use Treasury vields as measures of risk-
free rates, they are not completely riskless since nominal Treasuries are exposed to inflation” and liquidity
risks cven if we were to assume there is no prospect of outright default. In this paper, we want to focus on
how expectations are estimated in different models, and not on measurement issues regarding market
retums and the risk-free rate. Thus, we follow common practice and always use the S&P 500 as a measure
of stock market prices and cither nominal or rcal Treasury viclds as risk-frec rates so that our models arc

comparable with cach other and with most of the literature.

While implementing the concept of the ERP in practice has its challenges, we can precisely define the
ERP mathematically. First, we decompose stock returns® into an expeeted component and a random

component:

Ry = Ee[Resg] + erroreyy. (D)

In cquation (1), R,y arc realized rcturns between 7 and 1—4, and E¢[R; ;] are the returns that were
expected from 7 to £ + k using information available at time £. The variable error;, . is a random variable
that 1s unknown at time £ and realized at £ + k. Under rational expectations, error; 4, has a mean of zero

and is orthogonal to E¢[R;;]. We keep the discussion as gencral as possible and do not assume rational

* Note that inflation risk in an otherwisc risk-free nominal assct docs not invalidate its uscfulness to
compute the ERP. If stock returns and the risk-free rate are expressed in nominal terms, their difference
hag little or no inflation risk, This follows from the following formula, which holds exactly in continuous
time and to a first order approximation in discrete time: real stock returns — real risk-free rate = (nominal
stock retums — expected inflation) — (nominal risk-free rate — expected inflation) = nominal stock retums—
nominal risk-frce rate. Henee, there is no distinetion between a nominal and a rcal ERP.

¢ Throughout this article, all returns arc #ef returns. For example, a five pereent return corresponds to a
net returmn of 0.03 as opposed to a gross return of 1,05,



